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Chapter 0 The umbrella formula

What this note is about

When a language model is trained with RL, the policy that generates the responses, the sampler
q, is often not the policy whose parameters are updated, the trainer p = pθ: the sampler may be
a separate inference engine, an older copy of the parameters, or a modified sampling distribution
(§1.1). Whenever q ̸= p, the data are off-policy.

At each training step, a batch of responses from the sampler gives an update vector ĝ; what we
want is the gradient ∇θJ of the expected return J . Two questions follow:

1. On average, does ĝ point in the right direction? The part that does not is the bias;
more samples do not remove it.

2. Can a finite batch see this direction? The part that hides it is the noise; more samples
make it smaller.

Recent methods for these two questions include importance sampling (IS) and its truncated and
masked forms, TIS [7] and MIS [8, 9]; score-function centering (SFC) [1, 3]; GSPO [13]; KL penal-
ties toward the sampler [3, 4]; baselines (the group mean [10], leave-one-out [19, 20], length weight-
ing [14], a critic); and loss normalizations (GRPO’s 1/Li [10], DAPO [11], Dr. GRPO [12]). Each
claims to fix something. This note writes the error of ĝ as one formula and reads each method as
removing a particular term of it, at a particular cost.

SFC adds one term to the loss and less than 1% to the wall-clock time; in Marek and Ryabinin’s 30B
experiments with the most heavily quantized sampler, it reaches 30% training accuracy, against 12%
for TIS and below 5% for every other method [1]. As far as we know, frontier labs already use such
a correction in large-scale RL, under names such as “score function centering”, “alternative tokens”,
and “covariance learning”. The explanations given so far (distillation toward the sampler [1], the
zero-mean score [3], and five readings including an ideal baseline, a straight-through estimator,
and a local family of distributions [5]) are all views of one term of the formula below (Chapter 4,
Appendix C).

The umbrella formula

One update averagesN independent sampling units, giving ĝN ; a unit is, for example, the group of
responses to one prompt, because responses that serve as each other’s baselines are not independent
(§9.1). Under Premise P (§1.4), the bias splits exactly into three terms, and the variance is that of
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one unit divided by N :

E
∥∥ĝN −∇θJ

∥∥2 =
∥∥ A︸︷︷︸

drift

+ B︸︷︷︸
token weights

+ C︸︷︷︸
occupancy

∥∥2 +
trCov(ĝ)

N
(1)

Each term is a difference left over when we move, one step at a time, from what we compute to
what we want (exact definitions in Chapter 3):

• A, drift. A is the part of the signal R − b shared by all tokens at the current prefix (the
common offset), times the mean under the sampler of the vector that multiplies the signal
(the multiplier). This mean is zero on-policy but generally not off-policy. A is the only term
that depends on the baseline: with a constant reward, B and C are zero, but A generally is
not.

• B, token weights. Each token’s share of the update is the sampler’s probability times the
weight you choose; the target uses the trainer’s probability. B is the difference.

• C, prefixes and continuations (occupancy). Which prefixes occur, and how each is
continued, are decided by the sampler, not the trainer. C is exactly what the TRPO bound [22]
controls, at the level of gradients.

Premise P says that the baseline does not look at the current response, and that each token’s
weight and centering vector depend only on the current prefix and token. Where a method breaks it
(GRPO’s 1/Li, the group standard deviation, a length-weighted baseline that includes the response
itself, PPO’s sign mask [23]), we take a reference estimator ĝ0 that satisfies the premise and call
the difference of expected updates term D: D = E[ĝ]−E[ĝ0]. D depends on this choice (Chapter 8
states it case by case) and exists even on-policy.

The variance also has an exact formula. At one prefix, a single token’s update is (R− b) fξ, where
fξ is the multiplier and ξ is any extra randomness used to compute it (such as extra tokens drawn
to estimate an average); its second moment is three kinds of noise times the average size of the
multiplier:

E
[
∥(R− b) fξ∥2

∣∣ s] =
∑
v

q(v | s)
[ (
Aq(s, v) + Āq(s)

)2︸ ︷︷ ︸
signal mean

+ σ2(s, v)︸ ︷︷ ︸
return noise

+ Var(b | s)︸ ︷︷ ︸
baseline noise

]
Eξ∥fξ(s, v)∥2.

(2)
Three symbols that are easy to confuse. The signal A = R − b of one sample is random
(the text mostly writes R− b); Aq(s, v) is the true advantage, the expected return when token v is
chosen and the sampler finishes the response, minus the value of the prefix; Āq(s) = V q(s)−E[b | s]
is the common offset; and E[R− b | s, v] = Aq(s, v) + Āq(s) (Chapter 1). The upright A, B, C only
label the bias terms and are not the signal A.

The last factor is squared before averaging over ξ: Eξ∥fξ∥2 = ∥Eξfξ∥2 + trCovξ(fξ), where the
second part is the extra variance from estimating an average. So the formula shows why a baseline
often lowers the variance (it changes the common offset in the first term), why IS raises it (the
multiplier contains the ratio), and why estimating SFC’s center with alternative tokens adds to it
(the multiplier becomes random).
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How to read this note

• Core: Part I, Chapters 1–3 (notation, why nothing goes wrong on-policy, the derivation of
the formula), whose map of the note (Figure 1) and table of methods (Table 1) at the end
serve as an index for the rest; then Chapters 4–5 (term A and how to remove it) and 9 (the
variance).

• As needed: Chapters 6–8 (terms B, C, D) and 10–12 (how to choose, a TRPO-style bound,
a practical checklist with diagnostics).

• Chapter 13: questions and answers by term, each pointing back to the text.
• Appendices: derivations (A); optional mechanisms that may amplify term A (B); imple-

mentation variants and where other articles fit (C); notation (D).

Chapters 4–9 open with the umbrella formula, their term highlighted, and close with what is left
and which cells of Table 1 they fill. The examples: Example 1, a two-token prefix (Chapters 2–9);
Example 2, a three-token prefix with a very stale sampler (term B and the variance); Example 3,
two solution routes (term C); and several length-weighted baselines (term D).

Main results carry tags: [identity] holds exactly within the stated scope; [model] holds under stated
extra assumptions; [empirical] is an experimental result reported in a paper; [toy] is a small simu-
lation described in the text.

Part I Where the umbrella formula comes from

1 Setting, notation, and the class of estimators

This chapter answers: What do the symbols, the “update”, and the “true gradient” mean?
Which estimators does the umbrella formula cover?

1.1 Scenario

Take a prompt x. The language model generates a response y = (y1, . . . , yL) one token at a time,
and its length L can vary. The prefix before the t-th token, st = (x, y<t), is the state, and the
t-th token yt is the action. When the response ends, a verifier or a reward model gives it a number
R = R(x, y), the return.

Two versions of the same model are involved:

• sampler q: the policy that generates the training data; q(v | s) is its probability of choosing
token v at prefix s.

• trainer p = pθ: the policy whose parameters θ are being updated.

They differ for three common reasons, which can occur together:

• engine mismatch: from the same weights, the inference engine computes slightly different
probabilities, for example because of quantization or different kernels;
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• staleness: in asynchronous training, the data come from the weights of a few updates earlier;
• sampling settings: with a temperature other than 1, or top-k or top-p truncation, the

sampler uses a modified distribution.

1.2 The objective and the true gradient

The objective is the trainer’s expected return

J(θ) = Ey∼pθ(·|x)
[
R(x, y)

]
,

averaged over prompts; below we look at one prompt.

The score. At a prefix s, the trainer gives each token v in the vocabulary a logit z(s, v), and p(v |
s) = ez(s,v)/

∑
u e

z(s,u). Let ∇θz(s, v) be the gradient of this logit with respect to the parameters
(a vector as long as θ), and for any distribution π over the vocabulary let

mπ(s) =
∑
u

π(u | s)∇θz(s, u)

be its average under π. Differentiating log p(v | s) (Appendix A.1) gives the trainer’s score:

g(s, v) = ∇θ log p(v | s) = ∇θz(s, v)−mp(s). (3)

In one sentence: To raise the probability of token v, its logit has to go up relative to the trainer’s
own average logit, because all the probabilities must add up to 1.

Averaged under the trainer’s own distribution, the score is zero, the most basic zero in this note:

Ev∼p(·|s)
[
g(s, v)

]
= mp(s)−mp(s) = 0. (4)

Values and advantages. The superscript says whose continuation is used. For a policy π ∈ {q, p},
let Qπ(s, v) be the expected return when token v is chosen at prefix s and π then finishes the
response, let V π(s) =

∑
v π(v | s)Qπ(s, v) be the value of the prefix, and let

Aπ(s, v) = Qπ(s, v)− V π(s)

be the true advantage, which averages to zero under π by definition:
∑

v π(v | s)Aπ(s, v) = 0.
The data are generated by q, so the continuation values observed in the data are Qq, not Qp (this
matters in Chapter 7).

The true gradient. The policy gradient theorem says (Appendix A.2)

∇θJ =
∑
t

Est∼p

[∑
v

p(v | st)Ap(st, v) g(st, v)
]
. (5)

Here Est∼p averages over the t-th prefix when the trainer generates the response (a response that
has ended before step t contributes nothing), and

∑
t sums over positions. The advantage is the

trainer’s own Ap, because the trainer also generates the continuation.
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For a prefix s and any nonnegative token weights µ(v), define

Gs[µ] =
∑
v

µ(v)Aq(s, v) g(s, v), Gp
s[µ] =

∑
v

µ(v)Ap(s, v) g(s, v). (6)

The two differ only in whose continuation the advantage uses, and ∇θJ =
∑

t Est∼p

[
Gp

st [p]
]
.

In one sentence: Gs[µ] has, for each token v, a component along g(v) scaled by µ(v)Aq(v), which
raises the probability of v when Aq(v) > 0 and lowers it when Aq(v) < 0; the weights µ need not
add up to 1.

1.3 The reference target: which policy we want to improve

Bias is measured against a reference target. The default is ∇θJ(pθ), the gradient of the current
trainer; under staleness it is always this one, because the trainer is what gets deployed. Under
engine mismatch, if this inference engine is what is deployed, the policy to improve is the sampler
qθ tied to the current parameters, and the target is ∇θJ(qθ). Chapter 3 writes the umbrella formula
for both.

1.4 The class of estimators and Premise P

Every method in this note computes, from one response, an update of the same form:

ĝ =

L∑
t=1

(R− b) ft, ft = w(st, yt) g(st, yt) − c(st) (7)

There are three things to choose:

• baseline b: the number subtracted from the return. It can be a constant, be computed from
other responses to the same prompt (leave-one-out, group mean), or depend on the prefix (a
critic), in which case it is really bt = b(st); Eq. (7) and the rest of the note just write b.

• weight w(s, v): the scalar this token is multiplied by. Plain REINFORCE [15] uses w = 1;
exact IS uses the ratio r = p(v | s)/q(v | s); truncated IS uses w̃ = min(r, r̄), where r̄ ≥ 1 is
the ratio cap (not the centering vector c below), or sets the weight to zero for tokens whose
ratio falls outside an interval.

• centering vector c(s): a vector that depends only on the prefix and is subtracted from the
multiplier. Plain REINFORCE and IS use c = 0; SFC [1] uses c = Eq[g | s]; truncation with
re-centering uses c = Eq[w̃g | s].

We call ft, the vector that multiplies the signal R− b, the multiplier.

Premise P. The umbrella formula requires three conditions:

(P1) Given the current prefix st, b is independent of the rest of this response (the current token
and the continuation) and of the extra random numbers. A constant, a baseline computed
from other responses, and a critic that depends only on the prefix satisfy this; a baseline that
includes this response’s own return does not.
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(P2) w depends only on st, the current token yt, and extra random numbers ξ that are independent
of this response given the prefix.

(P3) c depends only on st and such ξ (for example, the few extra tokens that SFC samples at this
prefix to estimate the average).

Estimators that satisfy (P1)–(P3) are token-local estimators. (P1) is the reason for the leave-
one-out baseline (Chapter 2); (P2) and (P3) mean that the multiplier may not look at the later
tokens of this response or at the return. Real methods violate these conditions in a few places,
treated in Chapters 8 and 7:

• GRPO’s 1/Li [10] depends on the length of the whole response, which violates (P2);
• the group mean includes this response’s own return in the baseline, which violates (P1), and

the group standard deviation makes the scale of the signal depend on that return too;
• a sequence-level product of ratios depends on the whole response;
• PPO-style clipping [23] makes the weight depend on the sign of the signal, which also violates

(P2).

The multiplier actually used, and its mean. With extra random numbers, the multiplier
actually used and its average over them are

fξ(s, v) = wξ(s, v) g(s, v)− cξ(s), f0(s, v) = Eξ

[
fξ(s, v)

]
.

The expected update needs only f0; the variance needs fξ itself, because the mean of a square is not
the square of the mean (§3.8). Without extra random numbers (for example, when mq is computed
exactly), the two are the same and we write f .

Three quantities at each prefix. At a prefix s, (w, c) and b define:

µ(v | s) = q(v | s)Eξ

[
wξ(s, v)

]
(weight of each token in the update) (8)

f̄(s) = Ev∼q

[
f0(s, v)

]
(mean of the multiplier)

Āq(s) = V q(s)− E[b | s] (common offset)

The common offset Āq is the same for every token at this prefix, so it does not help distinguish the
tokens. A baseline computed from other responses does not depend on the prefix, so E[b | s] = E[b];
a critic’s b(s) is a function of the prefix, so E[b | s] = b(s).

1.5 Notation conventions

• The signal A = R − b of one sample is random; given the prefix and the token, E[A | s, v] =
Qq(s, v)− E[b | s] = Aq(s, v) + Āq(s).

• For a single prefix we omit s and write q(v), g(v), Aq(v), Āq.
• Updates are vectors: “variance” means trCov(ĝ), the sum of the variances of the components,

and the squared bias is the squared length of the bias vector.
• n is the number of responses in a group, Li is the length of the i-th response, and sit is the

prefix before the t-th token of the i-th response.
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Appendix D lists all the notation.

Next question: We start with the simplest case, q = p: why does subtracting any baseline leave
the expected update unchanged?

2 On-policy: why the baseline does not change the expected up-
date

This chapter answers: When the trainer generates the data itself (q = p), why does a baseline
leave the expected update unchanged, and when does this fail? What does the baseline change
instead?

This whole chapter is on-policy: q = p, w = 1, and c = 0, so the multiplier is the trainer’s score,
ft = g(st, yt).

2.1 An identity at one prefix

At a prefix s, sample a token v from p, compute the signal A = R − b, and update with Ag(v):
this is REINFORCE with a baseline [15]. If b is a fixed number, the expected update is

Ep

[
(R− b) g

]
= Ep[Rg] − bEp[g] = Ep[Rg], (9)

where the second step uses Eq. (4), so it does not depend on b. Given v, the conditional mean of
R is Qp(v), so Ep[Rg] =

∑
v p(v)Q

p(v)g(v) =
∑

v p(v)A
p(v)g(v) + V p

∑
v p(v)g(v) = Gp

s[p], which
is exactly the true-gradient term at this prefix.

In one sentence: The baseline leaves the expected update unchanged only because the score
averages to zero under the distribution the token is sampled from.

Example 1 (on-policy): two tokens

The model has generated a fairly good prefix, and there are two possible next tokens. The
success rate after choosing token 1 and finishing the response is Q(1) = 0.91; after token 2 it is
Q(2) = 0.89. The trainer picks token 1 with probability p(1) = 0.65, so the value of the prefix
is V p = 0.65× 0.91 + 0.35× 0.89 = 0.903 and the true advantage is Ap = (0.007, −0.013).
The only parameter θ is the trainer’s log-odds of picking token 1: the logit of token 1 is θ and
that of token 2 is fixed at 0, so p(1) = eθ/(1 + eθ), ∇θz(1) = 1, ∇θz(2) = 0, mp = p(1) = 0.65,
and the score is

g(1) = 1− 0.65 = 0.35, g(2) = 0− 0.65 = −0.65, Ep[g] = 0.65× 0.35− 0.35× 0.65 = 0.

The true gradient is
∑

v p(v)A
p(v)g(v) = 0.65 × 0.007 × 0.35 + 0.35 × (−0.013) × (−0.65) =

0.00455. For any b, the expected update is

0.65 (0.91− b)(0.35) + 0.35 (0.89− b)(−0.65) = 0.00455,

because the coefficient of b, −0.65× 0.35 + 0.35× 0.65, is exactly zero.
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2.2 When the baseline is random: Premise (P1) and three zeros

In practice the baseline is estimated from the data, for example as the average return of the other
responses to the same prompt, so the second step of Eq. (9) has to change. Let S =

∑
t g(st, yt)

be the sum of a response’s scores; it is ∇θ log p(y | x), because the probability of a response is the
product of its tokens’ probabilities. If the i-th response has a baseline bi, then (Appendix A.2)

E
[
(Ri − bi)Si

]
= ∇θJ − E[bi Si]. (10)

So the baseline leaves the expectation unchanged when E[biSi] = 0. The simplest guarantee is
Premise (P1), bi independent of the i-th response: then E[biSi] = E[bi]E[Si] = E[bi]× 0 = 0. This
uses two facts: independence splits the expectation into a product, and the score has mean zero.
Off-policy the first is still assumed, but the second fails; this is term A (Chapter 4).

Leave-one-out baseline. Sample n responses to the same prompt, and for the i-th response use
the average of the other n− 1:

b−i =
1

n− 1

∑
j ̸=i

Rj . (11)

It does not look at the i-th response, so it satisfies (P1), and its mean is the value at the prompt,
V p(s0). REINFORCE with this baseline is RLOO [19, 20]. One response is left out for indepen-
dence, not for accuracy (the average of n− 1 is slightly noisier than the average of n).

Three statements of the form “something equals zero” are easy to mix up:

Statement What it means Does an unbiased update need it?

(a)∑
v π(v)A

π(v) = 0

The true advantage averages to
zero under its own policy

No. It holds by definition. In Chapter 3 it
makes the centering vector c disappear from
the signal term

(b) E[bi Si] = 0 The baseline contributes
nothing to the expected update

Yes. On-policy, it holds as long as bi does not
depend on the i-th response

(c) In a batch,∑
iAi = 0 or∑
i LiAi = 0

The total positive signal equals
the total negative signal, per
response or per token

No. A property of one batch, useful only in
the analysis of the variance and of the
off-policy case (Chapter 4)

Two small examples show that (a) is not the right criterion. With bi = Ri, every response’s
“advantage” is zero, so it certainly averages to zero, but the update is zero too and the gradient
is lost; (b) fails, because E[biSi] = E[RiSi] = ∇θJ ̸= 0. With b = 100, the advantage R − 100 has
mean J − 100, far from zero, yet the update is unbiased, because a constant satisfies (b); it is just
very noisy.

Self-inclusion rule. GRPO’s baseline [10] is the group mean R̄ = 1
n

∑
j Rj , which includes the i-

th response’s own reward, so it does not satisfy (P1). In general, let the baseline give the response’s
own reward a weight ωi (a scalar, unrelated to the token weight w) and the rest of the weight to
quantities that do not involve this response: bi = ωiRi + (1− ωi) b−i. Then

Ri − bi = (1− ωi) (Ri − b−i). (12)

So including a response in its own baseline scales its signal by 1− ωi:
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• ωi = 0 is RLOO, which is unbiased;
• ωi = 1/n for every response is GRPO’s group mean: the expected update is (1− 1/n)∇θJ , a

harmless rescaling;
• ωi = 1 is the example bi = Ri above: the signal is gone;
• when ωi varies across responses, they are scaled by different factors, so the direction of the

update changes; this is the length bias of the length-weighted baseline (Chapter 8).

2.3 Splitting the signal into four terms

For the t-th token, the signal R − b splits exactly into four terms (for the advantage in the form
Q− V , see [16]):

R− b = Qq(st, yt)− V q(st)︸ ︷︷ ︸
(i) true advantage

+ R−Qq(st, yt)︸ ︷︷ ︸
(ii) return noise

+ V q(st)− V q(s0)︸ ︷︷ ︸
(iii) prefix offset

+ V q(s0)− b︸ ︷︷ ︸
(iv) baseline error

(13)

The values are computed under the policy that generated the data, so they are written with q; in
this chapter q = p.

• (i) is what we want.
• (ii) has mean zero once the prefix and the token are fixed, so it only adds noise, on-policy

and off-policy alike.
• (iii) depends only on the prefix, not on the token chosen at step t; (iv) is the same number

for every token of the response, as long as b does not look at this response. On-policy, both
multiply a score with mean zero, so they also only add noise.

Given the prefix, the mean of (iii) plus (iv) is the common offset Āq(st) = V q(st) − E[b | st]. We
keep the two apart because a prompt-level baseline (such as the leave-one-out average) can remove
(iv) in expectation, but not (iii), which changes with the prefix.

2.4 What the baseline changes is the variance

Take the simplest case: one prefix, a deterministic return (R = Qp(v)), and a fixed b. The single-
sample update X = (Qp(v) − b) g(v) has the true gradient Gp

s[p] as its mean, and its variance
is

Var(X) =
∑
v

p(v)
(
Qp(v)− b

)2 ∥g(v)∥2 −
∥∥Gp

s[p]
∥∥2.

Averaging over N independent samples divides the variance by N (on what counts as independent,
see §9.1). A useful quantity is the number of samples needed for the signal to be as large
as the noise:

N∗ =
Var(X)

∥EX∥2
. (14)

With N samples, the averaged update has standard deviation
√
Var(X)/N and mean ∥EX∥, which

are equal atN = N∗. In one dimension, with roughly normal noise, the average ofN samples has the

10



sign of the true gradient with probability Φ
(√

N/N∗
)
, where Φ is the standard normal cumulative

distribution function: about 69% at N = N∗/4, 84% at N = N∗, and 98% at N = 4N∗.

Example 1 (continued): the baseline and N∗ (deterministic return, fixed baseline)

We keep the two-token prefix and treat Q as the deterministic return after the chosen token,
not the random outcome of one success or failure (random returns: §9.3). The single-sample
update X is (0.91− b)× 0.35 for token 1 (probability 0.65) and (0.89− b)× (−0.65) for token
2 (probability 0.35).

baseline b 0 0.5 (prompt’s success rate) 0.903 = V p 0.897 = bvar

X for token 1 0.3185 0.1435 0.0025 0.0045

X for token 2 −0.5785 −0.2535 0.0085 0.0045

mean 0.00455 0.00455 0.00455 0.00455

variance 0.183 0.0359 8× 10−6 0

N∗ 8842 1732 0.4 0

At b = 0.5, every sample’s signal contains a common part of about 0.4 (success rate about 0.9,
baseline 0.5); multiplied by scores of opposite signs, it produces large fluctuations. At b = V p

only Ap = (0.007,−0.013) is left, both possible updates are positive, and one sample already
has the right sign.

The baseline that minimizes the variance. In this setting, the b that minimizes E[(Qp −
b)2∥g∥2] is [17, 18]

bvar =
Ep

[
R ∥g∥2

]
Ep

[
∥g∥2

] , (15)

the average return with each outcome weighted by the squared size of its score. It equals V p if and
only if ∥g∥2 is uncorrelated with the return. In Example 1 the scores differ in size (|g| = (0.35, 0.65)),
and weighting by p ∥g∥2 gives the two outcomes weights 0.35 and 0.65, the reverse of p. Still,
bvar = 0.897 is close to V p = 0.903, because the two values of Q differ by only 0.02, so any weighted
average lies in [0.89, 0.91]. Its zero variance in the table is special to two tokens and one parameter,
where one baseline can make the two values equal.

The value baseline is not always close to the minimum-variance baseline. For example,
take p = (0.99, 0.01), returns R = (1, 0), and the log-odds of the first action as the parameter, so
g = (0.01, −0.99). Then V p = 0.99 but bvar = 0.01. All three baselines give the expected update
0.0099, but the single-sample variance is about 1.0× 10−6 for b = 0, about 9.5× 10−3 for b = V p,
and zero for b = bvar. The reason is that the rare bad action has a large score; after subtracting
0.99 it still carries a large negative signal, and the product is a rare, large positive update. So “a
critic reduces variance” is the common case, not a guarantee.

In practice, bvar is not available: it requires the correlation between the return and the size of
the score at every prefix. What can be used is an estimate of V (a critic) or a prompt-level group
mean. Chapter 9 shows that with SFC, a baseline that differs from bvar adds only variance, no bias,
and the added amount has an exact formula.
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Next question: The next chapter uses data from the sampler: the vector that multiplies (iii) and
(iv) no longer has mean zero, so they become bias (Chapter 4 is about them).

3 Off-policy: deriving the umbrella formula

This chapter answers: When the data come from a sampler q, what is the expected update? In
which terms does it differ from the true gradient ∇θJ , and which knob controls each term?

3.1 The zero mean no longer holds

We average the trainer’s score under the sampler’s distribution:

Ev∼q

[
g(s, v)

]
= mq(s)−mp(s) = −∇θDKL

(
q(· | s) ∥ pθ(· | s)

)
. (16)

The second equality treats q as a fixed distribution (Appendix A.3):
∑

v q(v)g(v) =∑
v q(v)∇θ log pθ(v), and −

∑
v q(v) log pθ(v) is DKL(q∥pθ) plus a constant that does not

depend on θ. So this average points in the direction that makes pθ more like q.

It is zero when q = p and in general nonzero when q ̸= p: when the parameters are the logits
themselves (∇θz(v) = ev, where ev is the one-hot vector of token v), it is exactly q − p. With
shared parameters, however, it can be zero by chance. With logits z = (θ, θ, 0) and θ = log(1/2),
we get p = (1/4, 1/4, 1/2); take q = (0.4, 0.1, 0.5). Because ∇θz = (1, 1, 0), the average logit
gradient is 1/2 under both, so q ̸= p and yet Eq[g] = 0.

Example 1 (off-policy): the same prefix, with data from a stale sampler

The prefix is that of Chapter 2: Qq(1) = 0.91, Qq(2) = 0.89, and the trainer has p(1) = 0.65.
The data now come from a sampler a few steps old, with q(1) = 0.6. The KL between the two
is small:

DKL(q∥p) = 0.6 log
0.6

0.65
+ 0.4 log

0.4

0.35
≈ 0.0054.

The score is unchanged, g = (0.35, −0.65), but its average under q is 0.6× 0.35− 0.4× 0.65 =

−0.05, which is exactly q(1)−p(1). Running REINFORCE directly on the sampler’s data (from
here on, plain REINFORCE) gives the expected update

0.6 (0.91− b)(0.35) + 0.4 (0.89− b)(−0.65) = −0.0403 + 0.05 b.

For b < 0.806 it is negative, so it lowers the log-odds of token 1, the better token; on-policy,
the same update is +0.00455 for every b (Chapter 2).

In one sentence: The gradient of the expected return does not depend on where the zero of the
reward is, so an update whose direction changes with b does not estimate this gradient.
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3.2 The five-step derivation

Under Premise P, we take the expectation of the token-local estimator ĝ =
∑

t(R − b)ft of §1.4,
jointly over the response generated by the sampler, the baseline, and the extra random numbers.

Step 1: separate out the baseline. For each t, we first condition on the prefix st. By (P1),
given st, the baseline b is independent of the current token, the continuation, and the extra random
numbers, so

E
[
(R− b) ft

∣∣ st] = E[Rft | st] − E[b | st]E[ft | st].

Off-policy, E[ft | st] is in general not zero, and the subtracted term is the source of term A. So
the baseline enters the expected update only through its conditional mean E[b | st] (§1.4); its
fluctuations enter only the variance.

Step 2: take the conditional expectation over the continuation. Given the prefix st and
the token yt = v, the conditional mean of the return is Qq(st, v), because the sampler generates
the continuation. By (P2) and (P3), ft then depends only on extra random numbers that are
independent of the continuation, so E[Rft | st, v] = Qq(st, v) f0(st, v). Averaging over v,

E[Rft | st] =
∑
v

q(v | st)Qq(st, v) f0(st, v),

where f0(s, v) = Eξ[fξ(s, v)] (§1.4; for SFC, the exactly centered multiplier).

Step 3: split Qq into advantage plus value. With Qq(s, v) = Aq(s, v) + V q(s), the advantage
part is∑

v

q(v)Aq(v) f0(v) =
∑
v

q(v)Eξ[wξ(v)]A
q(v) g(v) − Eξ[cξ]

∑
v

q(v)Aq(v) = Gs[µ],

by zero (a):
∑

v q(v)A
q(v) = 0. So the centering vector c drops out of the signal term and affects

only the mean of the multiplier. The value part is V q(s)
∑

v q(v)f0(v) = V q(s) f̄(s).

Step 4: put the pieces together. The term subtracted in Step 1 is E[b | st] f̄(st). Combining it
with the V q(st)f̄(st) of Step 3 and averaging over the prefix (Est∼q averages over the distribution
of the t-th prefix under the sampler) gives

E[ĝ] =
∑
t

Est∼q

[
Gst [µ] + Āq(st) f̄(st)

]
(17)

where Āq(st) = V q(st)−E[b | st]. The first term is the signal term, and the second is the coupling
term, which we call drift. At one prefix, the formula can also be written in covariance form:
Eq[Af | s] = Covq(A, f | s) + Eq[A | s] f̄(s), where Covq(A, f | s) = Gs[µ] and Eq[A | s] = Āq(s).

Step 5: compare with the on-policy case. When q = p, w = 1, and c = 0, we have
f̄ = Ep[g] = 0 (Eq. (4)), µ = p, prefixes distributed as under p, and Aq = Ap, so Eq. (17) is exactly
Eq. (5). Off-policy, each of these four equalities can fail, and what the failures leave are the three
terms below (the third in two steps).

In one sentence: The expected update is an advantage update at each prefix with weights µ,
plus the common offset times the mean of the multiplier.
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3.3 The three bias terms

Starting from Eq. (17), we remove the term with the mean of the multiplier, then change the
weights, the prefix distribution, and the continuation to those of p, in that order, which gives the
true gradient ∇θJ =

∑
t Est∼p[G

p
st [p]]. Each change leaves one difference term:

E[ĝ]−∇θJ = A+ B+C (18)

A =
∑
t

Est∼q

[
Āq(st) f̄(st)

]
(drift: common offset times the mean of the multiplier) (19)

B =
∑
t

Est∼q

[
Gst [µ]−Gst [p]

]
(token weights: µ instead of p) (20)

C =
∑
t

Est∼q

[
Gst [p]

]
−∇θJ (occupancy: the sampler’s prefixes and continuations) (21)

C can be split further into two steps:

C =
∑
t

(
Est∼q − Est∼p

)[
Gst [p]

]
︸ ︷︷ ︸

C1: prefix distribution

+
∑
t

Est∼p

[
Gst [p]−Gp

st [p]
]

︸ ︷︷ ︸
C2: continuation (Aq replaced by Ap)

.

The meaning of the three terms:

• A is a number times a direction: the common offset Āq(st) times the mean of the
multiplier f̄(st). If either factor is zero, A is zero. This is the most important term in the
note (Chapters 4 and 5).

• B depends only on the weight w: it is
∑

t Eq[G[q]−G[p]] when µ = q (plain REINFORCE,
SFC), and zero when µ = p (exact IS; Chapter 6).

• C is the gradient of the difference between the TRPO surrogate and the objective:
the surrogate of TRPO [22] and CPI [21] is Lq(π) = J(q) +

∑
t Est∼q

[∑
v π(v | st)Aq(st, v)

]
,

and its gradient with respect to θ is exactly
∑

t Est∼q[Gst [p]], so C = ∇θ

[
Lq(pθ) − J(pθ)

]
.

Chapter 7 covers the two sources of C, and Chapter 11 how the TRPO bound limits it.

The order of the changes is our choice: if we change the continuation before the prefix distribution,
the forms of C1 and C2 change, but A, B, and the total C do not.

Beyond Premise P: term D. When Premise P does not hold, Step 1 or Step 2 fails, and Eq. (17)
cannot be used directly. We then replace the part that violates P with a version that satisfies it (for
example, a baseline that includes the response itself becomes a leave-one-out baseline, and 1/Li

becomes a constant divisor), compute A, B, and C for the resulting reference estimator ĝ0, and
define

D = E[ĝ]− E[ĝ0],

so that E[ĝ] − ∇θJ = A + B + C + D. D depends on how ĝ0 is chosen, and Chapter 8 states the
choice for each case. In one case D can be written down directly: when the baseline depends on
the current response but the multiplier still satisfies (P2) and (P3) (with Āq defined as before),

E
[
(R− b) f

∣∣ s] = Gs[µ] + Āq(s) f̄(s)− Cov(b, f | s), (22)
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and the last term is D (with a reference estimator whose baseline is independent of this response
and has the same conditional mean E[b | s]). The derivation takes one step, E[bf | s] = E[b |
s] f̄(s) + Cov(b, f | s); the rest is as in the five steps. So even when f̄ is zero, a baseline that
depends on the current response can still change the expected update.

3.4 Which term each of the three knobs controls

We plug the multipliers discussed in this note into f̄ = Eq[wg]− c and µ = qw:

Method w c Mean of the multiplier f̄ Weight µ

Plain
REINFORCE

1 0 mq −mp = −∇θDKL(q∥p) q

SFC 1 mq −mp 0 q

Exact IS r = p/q 0 Ep[g] = 0 (needs support coverage) p

TIS/MIS, no
re-centering

w̃ 0 Eq[w̃g] ̸= 0 min(p, r̄q), or masked p

TIS/MIS with
re-centering

w̃ Eq[w̃g] 0 same as above

Critic as
baseline

unchanged unchanged unchanged unchanged; changes Āq

So b controls Āq and c controls f̄ , and together they control A; w controls µ, and therefore B; C
has no token-level knob.

3.5 Two reference targets

Eq. (18) takes the gradient of the current trainer, ∇θJ(pθ), as the reference target. If the deployed
model is this inference engine itself (§1.3), the sampler is qθ = softmax(zθ + ε), tied to the current
parameters, where ε is the engine’s logit error. Under the fixed-error model (ε does not change
near θ, which amounts to a stop-gradient on the error), the sampler’s own score is

∇θ log qθ(v | s) = ∇θz(s, v)−mq(s) = h(s, v),

which is exactly the SFC score of Chapter 5 (Appendix A.5). So the sampler’s own gradient is

∇θJ(qθ) =
∑
t

Est∼q

[∑
v

q(v | st)Aq(st, v)h(st, v)
]

=
∑
t

Est∼q

[
Gst [q]

]
,

where the second equality holds because h and g differ only by a vector that does not depend on
v, and

∑
v qA

q = 0. Subtracting this from Eq. (17) gives

E[ĝ]−∇θJ(qθ) = A +
∑
t

Est∼q

[
Gst [µ]−Gst [q]

]
.

C does not exist, because the prefixes and continuations already come from q. A method with µ = q

(SFC) is left with only A, and A is zero for SFC, so under this model the expected update of SFC
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is exactly the reference target. Conversely, using ratios to reweight toward the trainer turns the
expected update into the gradient of a policy that will not be deployed. This conclusion needs three
conditions at once: the fixed-error model, deployment on this same engine, and accurate centering
(Chapter 10 discusses when they hold).

3.6 Numerical check of Example 1

Example 1 has one prefix and the same continuation on both sides, so C is zero and only A and B
need checking. The data are those of Example 1, plus V q = 0.902 and Aq = (0.008,−0.012).

• Signal term: G[q] = 0.6× 0.008× 0.35 + 0.4× (−0.012)× (−0.65) = 0.0048.
• The term of the true gradient at this prefix is Gp[p] =

∑
v p(v)A

p(v)g(v). Here Qp = Qq, but
V p = 0.903 ̸= V q = 0.902, so Ap = (0.007,−0.013) and Aq differ by a constant. This constant
multiplies

∑
v p(v)g(v) = 0, so Gp[p] = G[p] = 0.65×0.008×0.35+0.35×(−0.012)×(−0.65) =

0.00455, the true gradient of Chapter 2.
• B = G[q]−G[p] = 0.00025.

At b = 0.5, the expected update of plain REINFORCE is G[q] + A = 0.0048 − 0.0201 = −0.0153,
which matches −0.0403 + 0.05 × 0.5 from Example 1; its difference from the true gradient is
−0.0153− 0.00455 = −0.0199 = A + B.

Baseline b 0 0.5 0.902 = V q 1

Common offset Āq 0.902 0.402 0 −0.098

A = Āq × (−0.05) −0.0451 −0.0201 0 +0.0049

Signal term G[q] 0.0048 0.0048 0.0048 0.0048

Plain REINFORCE (sum of the two) −0.0403 −0.0153 +0.0048 +0.0097

At b = 0.5, A is 4.2 times as large as the signal term and has the opposite sign, so the update
points the wrong way. At b = V q, plain REINFORCE gives 0.0048, the same as SFC later, which
is still 0.00025 away from the true gradient 0.00455: that difference is B, and it does not depend
on the baseline.

3.7 A is a different kind of term from B and C

For weight rules that recover the on-policy update when q = p (w = 1, w = r, and truncated ratios
all do), all three terms go to zero with p− q, and they are first-order quantities:

• mq −mp =
∑

v(q − p)∇θz;
• G[q]−G[p] =

∑
v(q − p)Aqg;

• Lq(π) and J(π) agree to first order at π = q, with a difference controlled by the square of the
total variation distance (Chapter 11).
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General token-dependent weights change A and B even on-policy, so they are not covered by this
statement.

The difference lies in the other factor. B and C contain the true advantage Aq, that is, the differences
in quality between tokens; A contains the common offset Āq, the difference between the baseline
and the value of the prefix. So when the task is nearly learned and Aq becomes small, B and C
become small with it, but A does not.

For example, take the reward to be a constant. Then Aq ≡ 0, and B and C are both zero (there
is nothing to learn, and nothing should move), but A =

∑
t Eq[(R − E[b | st])f̄(st)] is in general

not zero when the baseline differs from that constant (unless the mean of the multiplier is zero or
the terms at different prefixes cancel exactly). In Example 1, replace Qq with (0.7, 0.7) and take
b = 0.5: the expected update of plain REINFORCE is −0.01, while for SFC and for exact IS it is
zero.

3.8 The variance side

The second part of the mean squared error is trCov(ĝ)/N , where N is the number of independent
sampling units (for the correlation between responses in the same group, see §9.1). At one prefix,
the update from a single token is (R − b)fξ. Given (s, v), we split the signal into three mutually
independent parts:

R− b = Aq(s, v) + Āq(s)︸ ︷︷ ︸
deterministic

+
(
R−Qq(s, v)

)︸ ︷︷ ︸
continuation noise, mean zero

−
(
b− E[b | s]

)︸ ︷︷ ︸
baseline fluctuation, mean zero

,

and by Premise P, given (s, v) the last two parts are also independent of the extra random numbers
ξ. So the cross terms vanish, and

E
[
∥(R− b)fξ∥2

∣∣ s] =
∑
v

q(v | s)
[(
Aq(s, v) + Āq(s)

)2
+ σ2(s, v) + Var(b | s)

]
Eξ∥fξ(s, v)∥2

(23)
where σ2(s, v) = Var(R | s, v) is the variance of the return that comes from the continuation. The
variance equals this second moment minus the squared mean ∥Gs[µ] + Āqf̄∥2. The last factor is
the average size of the multiplier, squared first and then averaged:

Eξ∥fξ∥2 = ∥f0∥2 + trCovξ(fξ),

where the second term is the randomness of the multiplier itself. Two knobs act here. When
c = 0 and w is deterministic, ∥f0∥2 = w2∥g∥2, so tokens with large ratios are amplified. When c

is estimated with K independent alternative tokens, trCovξ(fξ) = trΣg/K, and multiplying it by
the second moment of the signal gives the VK of §9.4.

Chapter 9 derives N∗, bvar, the effective sample size, and VK from this one formula. The variance
across tokens has cross terms (the tokens of one response share one R); this note analyzes the
variance only at a single prefix.

In one sentence: The bias is the sum of three terms, one for each change, and at one prefix the
variance is the sum of three kinds of noise times the size of the multiplier.
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Next question: First comes A: it is the only term that depends on the baseline, and the only one
that the baseline can make worse.

Part I summary: a map of the note and a table of methods

Every term of the umbrella formula is now defined: A, B, and C in Eqs. (19)–(21), D in §3.3, and
the variance at one prefix in Eq. (23). Part II (Chapters 4–8) covers the four bias terms one at a
time, and Part III (Chapters 9–13) covers the variance, how to choose, a TRPO-style bound, and
practice.

Figure 1 can serve as an index for Parts II and III: ellipses are error terms, boxes are methods,
each arrow shows whether a method removes, shrinks, or adds a term, and every node names the
chapter where it is treated. Table 1 lists what each method does to each term; each cell is derived
in a later chapter, and the end of each of Chapters 4–9 says which cells that chapter fills in. The
variance column compares with plain REINFORCE on the same prefix, and every entry in it holds
only under the conditions stated in the corresponding chapter.

Part II The three bias terms, plus one beyond the premise

4 Term A: what drift is

E
∥∥ĝN −∇θJ

∥∥2 =
∥∥∥A + B + C [+ D ]

∥∥∥2 +
trCov(ĝ)

N

This chapter answers: What are the two factors of term A, and why can a group baseline not
make the first one zero? Why can A be large when the mismatch is small?

4.1 A number times a direction

Term A, A =
∑

t Est∼q[Āq(st)f̄(st)], multiplies at each prefix a number, the common offset set by
the baseline, by a direction, the mean of the multiplier set by (w, c). For plain REINFORCE the
multiplier is g, so by Eq. (16),

drift(s) = Āq(s)
(
mq(s)−mp(s)

)
= − Āq(s)∇θDKL

(
q(· | s) ∥ pθ(· | s)

)
. (24)

So besides the return objective, plain REINFORCE does gradient ascent on −ĀqDKL(q∥pθ). The
sum

∑
v q(v)∇θ log pθ(v) is also the maximum-likelihood gradient on the sampler’s tokens, so drift

is Āq times one SFT step on the sampler’s outputs, which Marek and Ryabinin [1] call “distillation
toward the sampler”.

When Āq > 0 (the baseline is below the value of the prefix, for example at a prefix that is going
well, as in Example 1), drift moves the trainer toward the sampler; when Āq < 0 (the baseline is
too high), it moves the trainer away from the sampler. In the local model of Appendix B.2, where
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Umbrella formula Chapter 0
E
∥∥ĝN −∇θJ

∥∥2

= bias2 + variance/N

Setting Chapter 1
ĝ =

∑
t(R− b) ft

ft = w g − c; knobs b, w, c
Premise P

On-policy Chapter 2
A, B, C are all zero;

the baseline only changes
the variance

q = p

Bias
∥A+ B+ C+D∥2

Chapter 3

Variance
trCov(ĝ)/N

Chapter 9

A Drift
common offset ×

mean of the multiplier
Chapters 4, 5

B Token weights
weighted by q w, not

by p
Chapter 6

C Occupancy
prefixes and

continuations come
from q

Chapter 7

D Changed target
outside Premise P

Chapter 8

Dashed: an error only when the
reference target is the current

trainer (§3.5)

Size of the signal
second moment of

R− b
§9.2, §9.3

Size of the
multiplier
Eξ∥fξ∥2
§9.4, §9.5

No re-centering after
truncation or masking;
centering before multiplying
by the ratio; support not
covered §5.2, §5.4

Baselines: critic, RLOO,
group mean, length-weighted
§2.2, §4.2, §4.4

SFC: c = Eq [g] §5.1

Exact IS: w = p/q §5.2, §6

TIS/MIS with
re-centering §5.4, §6.3

KL to the sampler; limit
on sample age §10.2, §10.5

TRPO-style bound
Chapter 11

Product of ratios over the
whole response §7.2

GSPO: geometric mean of
the ratios §7.3

Constant divisor
(Dr. GRPO); no group std;
leave-one-out versions §8.2,
§8.5

GRPO’s 1/Li; group std;
length-weighted baseline that
includes the response itself;
PPO’s sign mask §8.2, §8.5,
§8.6

Make the multiplier’s mean zero Chapter 5

f̄ ̸= 0

shrinks
Āq

f̄ = 0

with A, B

1/Li

adds

usually
lowers

+VK

about ×Eq [r
2]

weights ≤ r̄

can grow
exponentially
with length

Error terms, concepts Methods Methods that add error Guarantee Background

Removes, or lowers variance Removes part Shrinks Adds error or variance Bound, or inexact

Other chapters: Chapter 10, how to choose; Chapter 12, practice and diagnostics; Chapter 13, questions and answers. Appendices:
A, derivations; B, optional mechanisms; C, implementation variants; D, notation.

Figure 1: A map of the note. The umbrella formula splits into bias and variance. The bias splits
into four terms, A, B, C, and D (B and C count as errors only when the reference target is the
current trainer), and the variance splits into the size of the signal and the size of the multiplier.
The middle column lists methods: arrows to the left point to the bias terms a method affects, and
arrows to the right show its effect on the variance.
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Method A
drift

B
weights

C
occupancy

D
outside Premise
P

Variance

Critic as the baseline
(§4)

zero if the critic is
accurate

unchanged unchanged none often lower, not
guaranteed

RLOO; GRPO group
mean (§2, §4)

prompt-level part is
zero; prefix-level
part remains

unchanged unchanged none; GRPO
only rescales

often lower

Length-weighted
baseline (§4, §8)

removes the
group-level part on
a batch (the “net
push”, §4.4)

unchanged unchanged self-inclusion
length bias
(about 1/n of
the main term
for large groups
with small
shares)

close to the lowest
under some
assumptions

SFC (§5) zero for every b stays at q unchanged none can go up or
down; plus VK

when the center is
estimated

Exact IS (§5, §6) zero (needs support
coverage)

corrected
to p

unchanged none usually higher;
Eq[r

2] is a proxy
TIS/MIS without
re-centering (§5)

usually smaller, not
zero

partly
corrected

unchanged none weights at most
the cap r̄

TIS/MIS with
re-centering (§5, §6)

zero partly
corrected

unchanged none weights at most
the cap r̄

Whole-response ratio
(§7)

zero zero zero none grows
exponentially with
the accumulated
mismatch

GSPO (§7) not addressed not exact not exact gradient carries
1/Li

weights near 1;
the paper reports
more stable
training

GRPO’s 1/Li; group
standard deviation
(§8)

unchanged unchanged unchanged changes the
target

—

PPO’s sign mask (§8) centering cannot
restore baseline
invariance

— — outside Premise
P

—

KL to the sampler;
limits on sample age
(§10)

smaller smaller smaller none none

Table 1: What each method does to each term of the umbrella formula. The reference target is the
current trainer; if the reference target is the deployed sampler instead, the B and C columns are
not errors at all (§1.3, §3.5).
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mq − mp is roughly proportional to the parameter difference, this second direction can reinforce
itself; in general there is no such monotone relation.

The extra objective may help or hurt the return; the problem is that the baseline sets it. Adding a
constant ∆ to every signal (reward R+∆, baseline unchanged) does not change the true gradient
but adds ∆

∑
t Eq[f̄(st)] to the expected update of plain REINFORCE; in Example 1 this is all of

the dependence of −0.0403 + 0.05 b on b. So the reward encoding matters: with {−1, 1} (that is,
2R− 1) instead of {0, 1}, the factor 2 only doubles the update, but subtracting 1 adds −

∑
t Eq[f̄ ],

unless a baseline such as the group mean shifts with the rewards and cancels it.

4.2 The two parts of the common offset: why we cannot simply choose the right
baseline

By Eq. (13), Āq(st) = V q(st)− V q(s0)︸ ︷︷ ︸
(iii)

+V q(s0)− E[b | st]︸ ︷︷ ︸
(iv)

. A prompt-level baseline removes

(iv): the leave-one-out average has mean V q(s0), as does GRPO’s group mean up to a factor
1 − 1/n (Eq. (12)). It cannot remove (iii), which varies with the prefix, while a group has one
baseline.

The common offset in the middle of a response

A problem has success rate one half, so V q(s0) = 0.5 and the group-mean baseline is about 0.5:

Prefix Success rate from here Āq

The key equation is already written correctly 90% 0.9− 0.5 = +0.4

An earlier step was wrong 10% −0.4

The offset can average to zero over the group, but at these two prefixes it is ±0.4. Such offsets
are most common halfway through a response: once the outcome is mostly decided, every later
token has one.

The baseline may estimate the prompt’s value exactly, but it is used at intermediate prefixes whose
value has changed. So (iii) is not sampling noise, and it does not go away however large the
group is; only a critic that values each prefix can make it smaller, which for long responses is hard
and expensive. So in RL for language models the common offset basically cannot be
removed; what we can do is make the mean of the multiplier zero (Chapter 5).

GRPO as used in practice [identity]. GRPO’s group mean includes this response’s own reward,
and GRPO also divides by the group standard deviation, so (P1) does not hold. Because the other
responses are independent of this one (Appendix A.11),

E[Ai | s, v] = Eq

[
χ(Ri)

∣∣ s, v], χ(Ri) = E
[
Ai

∣∣Ri

]
,

where χ(R) is the signal averaged over the other responses with this response’s reward fixed. So
the derivation holds with R − b replaced by χ(R) and the baseline set to zero. The signals of a
group add up to zero and the responses play the same role, so E[χ(R)] = 0: (iv) is zero, but (iii)
remains at intermediate prefixes. The form of χ depends on the normalization:
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• group mean only: χ(R) = (1− 1/n)
(
R− V q(s0)

)
;

• also dividing by the standard deviation, two-valued reward: χ(R) = ζ
(
R − V q(s0)

)
, where

ζ > 0 depends only on n and V q(s0) (for n = 8, about 1.86 at V q(s0) = 0.5 and 2.11 at 0.2 or
0.8); within a prompt this is a fixed baseline times a constant, but across prompts it weights
extreme success rates more: the difficulty bias of Dr. GRPO [12] (§8.5);

• three or more reward values: χ can be nonlinear, so the update learns the advantage of χ(R),
not of R; this is term D (Chapter 8).

4.3 The mismatch is small, but A can be large

The distance between q and p alone understates A; what matters is the ratio of A to the signal
term, which comes from the real differences between tokens:

∥A∥
∥signal term∥

≈ |Āq| · ∥mq −mp∥
∥Covq(Aq,∇θz)∥

.

Here |Āq| can be of order 0.4, while Aq is often of order 0.01 at a good prefix. In Example 1,
DKL(q∥p) is only 0.0054, but the tokens differ by only 0.02 while the common offset is 0.4, so A is
4.2 times the signal term and the update points the wrong way.

In one sentence: A small KL does not make A small relative to the signal: when the tokens differ
little and the common offset is large, a tiny mismatch can give the update the wrong sign.

4.4 The drift of a group of responses: two levels

Now take a batch with a token-level loss (a direct sum over all tokens). Splitting each token’s score
as g = h+(mq −mp), where h = ∇θz−mq is the SFC score of the next chapter and has mean zero
under q, the drift part of the update is Ai uit, where uit = f̄(sit) =

(
mq −mp

)
(sit) is the mean of

the multiplier at the prefix of token t of response i. With ū its average over the group,∑
i,t

Ai uit = ū
∑
i,t

Ai︸ ︷︷ ︸
group level: common direction times net push

+
∑
i,t

Ai (uit − ū)︸ ︷︷ ︸
prefix level

. (25)

We call
∑

i,tAi =
∑

i LiAi the net push. With the group mean b = R̄,∑
i

Li (Ri − R̄) =
∑
i

(Li − L̄)(Ri − R̄) = nCovG(L,R), (26)

where L̄ is the mean length and CovG the within-group covariance of length and reward (dividing
by n). It is often negative in reasoning and agent tasks, for example when truncated responses get
zero reward or a length penalty makes long responses worse, and the net push then has the sign
that moves the trainer away from the sampler (Appendix B.4).

What a group-level scalar baseline can do. For a batch that has already been sampled, with
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the uit held fixed, the drift of the group with baseline b is

D(b) =
∑
i,t

(Ri − b)uit =
∑
i,t

Ri uit︸ ︷︷ ︸
DR

− b
∑
i,t

uit︸ ︷︷ ︸
U

. (27)

This is linear in b, so a scalar baseline can move it only along U ; when U ̸= 0, ∥D(b)∥ is smallest at
b∗ = ⟨DR, U⟩/∥U∥2. If all the uit point in the same direction, write Ui =

∑
t uit for the total drift

of the i-th response; then
b∗ =

∑
iRi Ui∑
i Ui

, D(b∗) = 0,

the mean reward weighted by total drift. If moreover every token has the same drift, Ui ∝ Li and b∗
is the length-weighted mean bLW =

∑
i LiRi/

∑
i Li, which makes the net push

∑
i Li(Ri−bLW),

the first term of Eq. (25), exactly zero.

One long failure and one short success

This case is common when there is a length limit and truncated responses get a reward of 0.

Length Li Reward Ai, group mean (b = 0.5) Ai, length-weighted (b = 1/6)

Response 1 100 0 −0.5 −1/6

Response 2 20 1 +0.5 +5/6∑
iAi 0 2/3∑
i LiAi −50 + 10 = −40 −16.7 + 16.7 = 0

With the group mean and the same uit at every token, the drift is −40 times this vector, and
the signal per token averages −1/3, exactly CovG(L,R)/L̄ = −20/60; length weighting makes
it zero.

Length weighting does not guarantee a smaller drift. It uses token counts as a proxy for
each response’s drift, so if the drift varies a lot across tokens it can do worse than the group mean.

Counterexample: drift is not spread evenly over the tokens

Most tokens of the long response are nearly deterministic (p ≈ q ≈ 1) and have little drift, while
at every token of the short one the sampler and the trainer differ a lot. Along one direction:

Length Li Reward Drift per token Total drift Ui

Response 1 100 0 0.001 0.1

Response 2 20 1 0.05 1.0

So D(b) = (0 − b)(0.1) + (1 − b)(1.0) = 1 − 1.1 b: 0.45 for the group mean (b = 0.5), a larger
0.82 for length weighting (b = 1/6), and 0 for weighting by total drift (b∗ = 1/1.1 ≈ 0.91).

No scalar baseline can change the prefix-level part. Even with a zero net push, the second
term of Eq. (25),

∑
Ai(uit − ū), is in general not zero when the uit differ across prefixes.
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Number times direction: a zero net push is not enough

Three tokens, with the logits as the parameters. One group has:

Tokens from Number Advantage u at their prefixes

Responses that end up correct 100 +0.6 (0.1, 0,−0.1)

Responses that are wrong 150 −0.4 (0.04, 0,−0.04)

The net push is 100×0.6−150×0.4 = 0, as the length-weighted baseline guarantees. If u were
(0.1, 0,−0.1) at every prefix, the drift would be 0× (0.1, 0,−0.1) = 0; with the u of the table it
is 60 (0.1, 0,−0.1)− 60 (0.04, 0,−0.04) = (3.6, 0,−3.6): A sums numbers times directions.

So a group-level baseline acts on the number factor, and it removes the drift of a group only when
the drift has the same direction everywhere and is in proportion to the number of tokens; removing
drift at every prefix needs the direction factor to be zero. Also, a b computed from the same batch
depends on these tokens, so (P1) no longer holds strictly.

How the three loss conventions behave here.

• The original GRPO [10] averages each response’s tokens with 1/Li, so each response has total
weight one and the group mean makes

∑
iAi = 0: zero net push, at the cost of the length

bias of 1/Li itself (Chapter 8).
• DAPO’s token-level loss [11] and Dr. GRPO’s constant divisor remove 1/Li, and with it the

zero net push, which becomes nCovG(L,R).
• The length-weighted baseline restores it, at the cost of a self-inclusion length bias (§8.3).

With SFC, the net push does not affect the bias.

4.5 Drift is systematic

A is part of the expected update, so more samples from the same distribution do not average it
out. Its direction varies, because Āq, q, p, and the logit Jacobian change across prefixes and steps;
but where it is correlated across many positions or steps, it can accumulate. Appendix B gives the
conditions and the mechanisms involved (response length, the staleness feedback loop, entropy, the
within-group correlation of length and reward), under stated model assumptions.

Cells of Table 1 filled in this chapter: Column A: critic, RLOO/GRPO, length-weighted.

What remains after this term: The number factor cannot be made zero at every prefix, so the
next chapter makes the direction factor zero: SFC, exact IS, and truncation with re-centering.

5 Removing term A: making the mean of the multiplier zero

E
∥∥ĝN −∇θJ

∥∥2 =
∥∥∥A + B + C [+ D ]

∥∥∥2 +
trCov(ĝ)

N
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This chapter answers: How do SFC, exact IS, and truncation with re-centering make the mean
of the multiplier zero, and which practices make it nonzero again?

By Eq. (19), if the mean of the multiplier under the sampler, f̄(s) = Eq[wg | s]− c(s), is zero, A is
zero however far off the baseline is. Either set c = 0 and choose w so that Eq[wg] = 0 (exact IS),
or choose any w and take c = Eq[wg] (SFC with w = 1, truncation with re-centering with w = w̃).

5.1 SFC: change the centering

SFC subtracts the score’s average under the sampler:

h(s, v) = g(s, v)− Eq[g | s] = ∇θz(s, v)−mq(s), Eq[h | s] = 0. (28)

The second equality uses g = ∇θz − mp and Eq[g] = mq − mp. This is the fix of Marek and
Ryabinin [1], who call it “score centering”; Zhang’s blog series [3] calls it score-function centering
(SFC). It centers with the sampler’s average mq instead of the trainer’s mp, so sampling and
centering use the same distribution; in the notation of §1.4, w = 1, c = mq −mp, µ = q.

In Example 1, h(1) = 1 − 0.6 = 0.4 and h(2) = 0 − 0.6 = −0.6, so the expected update is
0.6 (0.91− b)(0.4) + 0.4 (0.89− b)(−0.6) = 0.0048 for every b: the part of the signal the two tokens
share (about 0.4 at b = 0.5) cancels, without the algorithm needing to know that the prefix’s success
rate is 0.902.

The implementation does not need q over the whole vocabulary. At the same prefix
the sampler draws K extra tokens a′1, . . . , a′K (“alternative tokens”), unrelated to the main token’s
outcome; the loss is

LSFC = − sg(A)
[
log p(a)− 1

K

K∑
k=1

log p(a′k)
]

= − sg(A)
[
z(a)− 1

K

K∑
k=1

z(a′k)
]
, (29)

where sg is stop-gradient (the signal and the sampled tokens are held fixed). The second form holds
because log p(v) = z(v) − logZp, and the trainer’s log-normalizer logZp has coefficient 1 on the
main token and K/K = 1 on the subtracted part. The negative gradient, −∇θLSFC = A

(
∇θz(a)−

1
K

∑
k ∇θz(a

′
k)
)
, has expectation Ah(a) over the alternative tokens, which must have the same

distribution as the main token (same temperature and truncation), be drawn with replacement,
and be independent of its outcome (§9.4).

Three ways to get the center. The logit form still needs the sampler, because the center
mq = Eq[∇θz] is an average under it. There are three ways to get it, with errors of different kinds:

How the center is obtained Relative to the true sampler Main error

Compute
∑

v q(v)∇θz(v) from the
sampler’s full q

Exact None from the center; needs the
full q

Average K alternative tokens drawn
independently from q (Eq. (29))

Unbiased estimate Extra variance VK (§9.4)

Logged head of q, with the tail split as
the trainer splits it

Exact centering for an
approximate q̂

Can leave a fixed bias
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For the third way, let H be the logged head (for example, the sampler’s most likely tokens), H̄ the
tail, and q(H̄), p(H̄) the tail’s total probability under the sampler and the trainer. If p(H̄) > 0, it
uses

q̂(v) =


q(v), v ∈ H,

q(H̄)
p(v)

p(H̄)
, v ∈ H̄.

(30)

So the tail’s total probability comes from the sampler, but the trainer’s conditional distribution
p(· | H̄) splits it; this is neither the trainer’s tail as it is nor an unbiased sample of the sampler’s tail.
Centering with q̂ leaves this mean of the multiplier under the true q (with both tail probabilities
positive; q(· | H̄) and p(· | H̄) are the two distributions restricted to the tail and renormalized):

Eq

[
g − Eq̂[g]

]
=

∑
v∈H̄

(
q(v)− q(H̄)

p(v)

p(H̄)

)
g(v) = q(H̄)

(
Eq(·|H̄)[g]− Ep(·|H̄)[g]

)
. (31)

The first equality holds because q̂ = q on the head. The residual is small if the tail probability
is small and the tail tokens’ scores are bounded, or if the two tail distributions have similar mean
scores; a small tail probability alone is not enough. It is zero if q(H̄) = 0, that is, if the head covers
every token the sampler can draw.

Marek and Ryabinin [1] use this approximation, and their code logs the k = 128 most likely tokens
by default [2]; Appendix A.4 of their paper reports that k = 128, and even k = 32, works as well
as the full q in every setting they tried. The full loss and its weighted version are in Appendix C.1.

Why we subtract this average: probability must be conserved

The score of a distribution averages to zero under it:
∑

v q(v)∇θ log q(v) =
∑

v ∇θq(v) =

∇θ
∑

v q(v) = 0. The trainer’s score averaged under q,
∑

v q(v)g(v) = mq −mp, is in general
not zero: the update raises or lowers the log-probabilities of the sampler’s tokens together,
moving the trainer as a whole toward or away from the sampler. Subtracting Eq[g] removes
this shared rise or fall, leaving only shifts of probability between tokens. And h is itself a score:
that of the sampler tilted by the trainer’s relative change, q̃δ(v) ∝ q(v) pθ+δ(v)/pθ(v), at δ = 0

(Appendix A.6).

5.2 Exact IS: change the weight

Exact IS weights the trainer’s score by the ratio r(v) = p(v)/q(v), so f = r g. Multiplying by r

turns an average under q into an average under p, where the trainer’s score averages to zero:

Eq[r g] =
∑
v

q(v)
p(v)

q(v)
g(v) = Ep[g] = 0.

In Example 1, r(1) = 0.65/0.6 ≈ 1.083 and r(2) = 0.35/0.4 = 0.875, so the expected update is
0.6× 1.083× (0.91− b)(0.35) + 0.4× 0.875× (0.89− b)(−0.65) = 0.00455, also for every b.

The support condition. The second equality requires q(v) > 0 wherever p(v) > 0. If the sampler
cannot draw some tokens that the trainer would choose, then Eq[r g] = −

∑
v: q(v)=0 p(v) g(v), in

general not zero, and A comes back. Three things need to be kept apart:
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Practice or condition What it solves What it does not solve by itself

Compute q with the actual
temperature and filtering rules

The wrong distribution is not
used as q

That q covers the trainer’s
support

supp(p) ⊆ supp(q), with the correct
ratio and the trainer’s score

Exact IS is unbiased for the
specified target

The variance can be large
(Chapter 9)

Re-center the weighted score Restores baseline invariance Tokens with q = 0 and p > 0

Two points are often misread. With a temperature other than 1 and no truncation, the softmax
is positive on every token, so the support is fine; only q must be the true, temperature-scaled
distribution. The same top-k or top-p settings do not give the same support, because the two sides’
logits differ and they can keep different tokens. The sampler’s actual mask can define a restricted
target (the trainer renormalized on the kept set) for exact IS, but then the target has changed,
which must be stated, and the restricted distribution’s own score must be used.

SFC does not need this condition, because Eq[h] = 0 uses only q; tokens with q = 0 get zero weight
in the SFC update, which belongs to term B.

5.3 The two methods end up with different weights

SFC and exact IS both make A zero, yet in Example 1 they give 0.0048 and 0.00455, because the
weights differ: SFC has µ = q and exact IS has µ = p. The difference is term B (Chapter 6).

5.4 Two practices that make the mean of the multiplier nonzero again

Truncating or masking the ratio without re-centering. In practice IS often truncates the
ratio, w̃ = min(r, r̄) with a ratio cap r̄ ≥ 1 (truncated IS, TIS [7]), or sets the weight to zero
for tokens whose ratio is outside an interval [rmin, rmax] (masked IS, MIS; IcePop [8] at the token
level, [9] at the sequence level). This lowers the weights of the tokens the trainer favors most, so
the mean is no longer zero (Appendix A.9):

Eq[w̃ g] = −
∑

v: r(v)>r̄

(
p(v)− r̄ q(v)

)
g(v) ̸= 0. (32)

In Example 1 both ratios are below 2, so truncation does nothing. In Example 2 of Chapter 6
(q = (0.1, 0.1, 0.8), p = (0.8, 0.1, 0.1), the logits as parameters), the ratios are (8, 1, 0.125); with
r̄ = 2, w̃ = (2, 1, 0.125) and Eq[w̃g] = (−0.12, 0.06, 0.06), against Eq[g] = q − p = (−0.7, 0, 0.7)

without weighting: shorter, but not zero. Truncation usually makes A smaller, but not always
(Appendix A.9 has a counterexample). The fix is to weight first, then center: f = w̃ g−Eq[w̃ g]

has mean zero again.

Reversing the order. Centering with SFC first and then multiplying by the ratio, f = r h, moves
the average to p while h was centered under q: Eq[r h] = Ep[h] = mp −mq ̸= 0, so A comes back
with the opposite sign. This multiplier is not in the class of §1.4 (it is not wg minus a vector that
depends only on the prefix), so we compute its expectation directly:

Eq

[
(R− b) r h

]
= Gs[p] +

(
Ep[Q

q]− E[b]
)
(mp −mq).
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The coefficient is Ep[Q
q]−E[b] rather than V q−E[b]; the two differ by Ep[A

q], the trainer’s one-step
improvement over the sampler. In Example 1 this gives 0.0497 − 0.05 b. With an exact ratio, the
correct order subtracts Eq[r g] = 0, so “exact IS plus SFC” done right is just exact IS.

After weighting, use log-probabilities, not logits. In Eq. (29), logZp cancels sample by
sample. With a token-dependent weight, its coefficient is w̃(a) on the main token but the average
weight on the subtracted part, equal only on average, with a difference correlated with the signal.
So the logit form adds Covq(A, w̃)mp to the expected update (Appendix A.10). This term does
not change when the baseline is shifted, so it is not A, but it changes the update: in Example 2
it is Ep[A

q]mp = (0.56, 0.07, 0.07) with the exact ratio and 0.19mp = (0.152, 0.019, 0.019) with
truncation at r̄ = 2, larger in both cases than the signal term (with truncation, G[min(p, 2q)] has
length 0.042).

5.5 The multipliers at a glance [identity]

Method Multiplier f Mean f̄ Term A In Example 1

Plain REINFORCE g mq −mp Yes −0.0403 + 0.05 b

SFC h = g − Eq[g] 0 No 0.0048

Exact IS r g Ep[g] = 0 No 0.00455

Ratio times SFC score
(wrong order)

r h mp −mq Yes, opposite
sign

0.0497− 0.05 b

Truncated IS (TIS) w̃ g −
∑

r>r̄(p− r̄q) g Yes, usually
smaller

Example 2
(Chapter 6)

TIS with re-centering w̃g − Eq[w̃g] 0 No Same as above

The exact IS row assumes support coverage. The first four rows form a 2×2 table, the distribution
the samples are averaged under (q, or p through the ratio) × the distribution the score is centered
under (q or p): the diagonal cells (SFC, exact IS) have no term A, and the off-diagonal cells do.

5.6 Number times direction: how the baseline and SFC work together

Of the two factors of A, the length-weighted baseline changes the number (zero net push) and SFC
the direction (zero mean at every prefix). Combined, four facts hold:

1. Without SFC, length weighting is only a partial fix. It makes the group-level part of
Eq. (25) zero, but the prefix-level part remains.

2. With SFC, length weighting is not needed for the bias, but it still reduces the
variance. A is zero at both levels. The remaining SFC noise

∑
i,tAit eit (Ait is the signal

of token t of response i, equal to Ai when the reward is not assigned per token; eit is the
error of the estimated center at this prefix) has variance roughly proportional to

∑
i,tA

2
it,

and the constant b minimizing
∑

i,t(Ri − b)2 is the per-token least-squares average bLW (Ap-
pendix A.12). So among constant baselines it gives the least SFC noise, and the group mean
more, if the multiplier has about the same size at every token.
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3. SFC does not remove the self-inclusion bias of length weighting. That bias exists
already on-policy, in the signal term: bLW depends on this response’s own reward and length,
so Covq(R− bLW, f) differs from Covq(R, f). With a large group, small shares, and bounded
moments of the reward and the score, it is O(1/n) relative to the main term, but this says
little in directions where the main gradient is close to zero (§8.2). Removing it takes another
baseline: the leave-one-out length-weighted one, or the plain group mean (its self-inclusion is
the same for every response, so it only scales the update by 1− 1/n, but it gives up the zero
net push).

4. The leave-one-out length-weighted baseline does not remove the off-policy A. It
changes the number, not the direction, and gives up the exact zero net push: what remains is
about 1/n of the group mean’s net push in a large group with small shares, and can be much
more in small groups or when one response has a large share, as in the four-response example
of Chapter 8 (n = 4, one response has half of the tokens): −2413, even larger in magnitude
than the −2000 of the group mean. With SFC this is only variance, and SFC noise stays near
the lowest.

Cells of Table 1 filled in this chapter: Column A of the SFC, exact IS, and TIS/MIS rows.

What remains after this term: The expected update is now
∑

t Eq[G[µ]], the advantage update
with weights µ; the next chapter asks how much it matters that SFC has µ = q and exact IS µ = p.

6 Term B: the token weights

E
∥∥ĝN −∇θJ

∥∥2 =
∥∥∥A + B + C [+ D ]

∥∥∥2 +
trCov(ĝ)

N

This chapter answers: Why do two methods without term A give different updates, and how
large is the gap? How much of it does a truncated ratio correct?

6.1 What the weight changes: whose average a token is compared with

Once the mean of the multiplier is zero, the expected update at a prefix is only the signal term
Gs[µ] =

∑
v µ(v)A

q(v)g(v). For the three methods without term A:

• SFC, f = h: Eq[A
qh] = Eq[A

qg]− Eq[A
q]Eq[g] = Gs[q], because Eq[A

q] = 0.
• Exact IS, f = r g: Eq[A

qrg] =
∑

v p(v)A
q(v)g(v) = Gs[p] (assuming support coverage).

• TIS with re-centering, f = w̃g − Eq[w̃g]: Eq[A
qf ] = Eq[A

qw̃g] = Gs[min(p, r̄q)], because
q ·min(p/q, r̄) = min(p, r̄q).

In terms of covariances, Gs[q] = Covq(A,∇θz) and Gs[p] = Covp(A,∇θz), and the baseline cancels
in both, so B is just the difference between two covariances. With the trainer as the reference
target, we compare with its own on-policy update with the same signal, Ep[Ag] = Gs[p]; for a
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method with weights µ, the gap at this prefix is

Gs[µ]−Gs[p] =
∑
v

(
µ(v)− p(v)

)
Aq(v) g(v), (33)

and summing it over prefixes gives B. The gap of SFC is
∑

v(q − p)Aqg; exact IS has no gap. But
when this inference engine is what is deployed, the fixed-error model holds, and the centering is
accurate (§3.5), the reference target is the sampler’s gradient ∇θJ(qθ) =

∑
t Eq[G[q]], which SFC

gives exactly; so this gap is an error only when the reference target is the trainer.

The intuitive difference between the two weights. In the tabular model (the parameters are
the logits, ∇θz(v) = ev, g(v) = ev − p), the u-th component of Gs[µ] is

Gs[µ]u = µ(u)Aq(u) − p(u)
∑
v

µ(v)Aq(v).

When µ = q, the sum is Eq[A
q] = 0, so Gs[q]u = q(u)

(
Qq(u) − V q

)
: token u is compared with

the sampler’s average and weighted by the sampler’s probability. When µ = p, Gs[p]u =

p(u)
(
Qq(u) −

∑
v p(v)Q

q(v)
)
: token u is compared with the trainer’s average and weighted

by the trainer’s probability. In Example 1 (two actions, ∇θz ∈ {1, 0}) the covariance reduces to
π(1)π(2)

(
Q(1)−Q(2)

)
: SFC gets 0.6× 0.4× 0.02 = 0.0048 and exact IS gets 0.65× 0.35× 0.02 =

0.00455.

Example 2: three tokens, a very stale sampler

The sampler rarely picks the best token, and the trainer has already learned to pick it. The
sampler’s average value is V q = 0.15, and the trainer’s is

∑
v p(v)Q

q(v) = 0.85. The parameters
are the three logits, and the KL between the two distributions is 1.46, a large lag. The last two
columns are the updates to the logits:

Token q p Qq Aq SFC, G[q] Exact IS, G[p]

1 (best) 0.1 0.8 1 0.85 +0.085 +0.120

2 (middle) 0.1 0.1 0.5 0.35 +0.035 −0.035

3 (worst) 0.8 0.1 0 −0.15 −0.120 −0.085

Token 2 is better than the sampler’s average (0.5 > 0.15) but worse than the trainer’s (0.5 <
0.85), so SFC raises its probability and exact IS lowers it. Both updates have length 0.151, and
the distance between them is 0.086.

6.2 How large the gap is

When q and p are close, the gap is small. With Bmax = maxv ∥Aq(v)g(v)∥ and Amax = maxv |Aq(v)|,

∥Gs[p]−Gs[q]∥ ≤ Bmax

√
2DKL(q∥p) (gradient, Appendix A.8),

gap in the objective ≤ AmaxDKL(q∥p) (Appendix A.7).

These two inequalities always hold. Reading them as “first order” and “second order” also needs
three conditions:
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• q and p have the same support;
• q is strictly positive on this support;
• p is a small, smooth perturbation of q (for example, logits that differ by a small δ).

Then DKL(q∥p) is second order in δ, so the gap is first order in δ for the gradient and second order
for the objective.

At the boundary of the support this reading fails. With q = (1, 0), Qq = (0, 1) (so V q = 0,
Aq = (0, 1)) and a trainer πν = (1− ν, ν) that puts probability ν on the token the sampler cannot
draw, the linear surrogate Eπν [A

q] = ν and the log surrogate of SFC, Eq[A
q log(πν/q)] = 0, differ

by ν, and DKL(q∥πν) = − log(1 − ν) = ν + O(ν2) is first order too: the bound holds, but the KL
is no longer second order (Appendix A.7).

6.3 Truncation with re-centering: only a partial correction

The weight of TIS with re-centering is min(p, r̄q). Substituting it into Eq. (33) gives

Gs[p]−Gs[min(p, r̄q)] =
∑

v: r(v)>r̄

(
p(v)− r̄ q(v)

)
Aq(v) g(v). (34)

Tokens with r ≤ r̄ are corrected exactly: all the tokens the trainer has moved away from (r < 1)
and those it moderately prefers. Tokens with r > r̄, which have the largest weights and the largest
variance, are corrected only partly: their shortfall shrinks from p− q to p− r̄q.

Every shortfall gets smaller, but the overall gap need not, for two reasons. First, the remaining
shortfalls are all positive and add up to 1 − w̄, where w̄ =

∑
v min(p, r̄q) = Eq[w̃] < 1 is the total

mass of the weights; since Gs[min(p, r̄q)] = w̄ ·Gs[min(p, r̄q)/w̄], the update gets shorter, and the
shape of its weights changes too. Second, the shortfalls p − q of SFC add up to zero and partly
cancel; truncation removes the negative ones, and with them this cancellation.

Example 2 (continued): the weights and the update after truncation at r̄ = 2

Token 1 2 3

Sampler q 0.1 0.1 0.8

Trainer p 0.8 0.1 0.1

Ratio r = p/q 8 1 0.125

Truncated ratio w̃ = min(r, 2) 2 1 0.125

Weight µ = q w̃ = min(p, 2q) 0.2 0.1 0.1

True advantage Aq 0.85 0.35 −0.15

Update G[µ] +0.018 +0.016 −0.034

The total mass of the weights is w̄ = 0.4. By the component formula above,
∑

v µA
q =

0.17+ 0.035− 0.015 = 0.19, so the first component is 0.17− 0.8× 0.19 = 0.018, and so on. The
update has length

√
0.0182 + 0.0162 + 0.0342 = 0.042, against 0.151 for G[q] and G[p], and its

distance from G[p] is 0.125, even larger than the 0.086 of SFC (with r̄ = 4 it is 0.083). Most of
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the gap is on token 1 (r = 8 > r̄), exactly the part that truncation gives up.

Example 2 is an unfavorable case. In the random toy models of §9.6 with a moderate lag, truncation
with re-centering is closer to G[p] than SFC in 90% or more of the cases, and the median ratio of
its gap to that of SFC is about 0.2 (κ = 2) and 0.5 (κ = 4).

Cells of Table 1 filled in this chapter: Column B of the SFC, exact IS, and TIS/MIS rows.

What remains after this term: Even with weights p at every prefix (exact IS), the sampler still
decides which prefixes appear and how each is continued. This is term C.

7 Term C: occupancy

E
∥∥ĝN −∇θJ

∥∥2 =
∥∥∥A + B + C [ + D ]

∥∥∥2 +
trCov(ĝ)

N

This chapter answers: Once the weights at every prefix are corrected, what is still wrong with
the update? What is the exact fix, and why is it not used in practice?

7.1 Two sources

So far we have looked at one prefix, but the full gradient adds up many prefixes, each weighted by
how often the policy visits it. Rollouts from q differ from the trainer’s own in two more ways, C1
and C2 of §3.3:

• C1, which prefixes appear: prefixes appear as often as the sampler visits them, not as
often as the trainer would.

• C2, the continuation after the prefix: the return, and so the advantage, comes from the
sampler finishing the response; the data contain Aq, while the true gradient needs Ap.

SFC and per-token ratios change only how the tokens are weighted at a given prefix, so they
change neither of these; TIS and MIS, which multiply each token only by the (truncated or masked)
ratio of its own step, fix B but not C. With the sampler as the reference target, C does not exist
(§3.5).

Example 3: two solution routes (C1)

At step 1 the model chooses a route: X (“set up equations”) or Y (“try small numbers”). The
stale sampler picks X with probability 0.9, the current trainer with probability 0.5. At step 2
the model finishes the solution along the chosen route, and the two policies behave exactly the
same there, so B is zero and the per-token ratio is 1. But 90% of the step-2 training data come
from route X, while the trainer’s own gradient weights the routes 50/50, so “how to finish route
Y well” gets one fifth of the weight it should. The fix is to multiply the step-2 tokens by the
step-1 ratio, p(X)/q(X) = 0.56 or p(Y )/q(Y ) = 5.
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Example 3 (continued): the continuation itself can also be wrong (C2)

Now let both policies pick X and Y with probability one half each, so the prefix distributions
are the same and there is no earlier ratio to multiply by. But on route X the sampler’s
success rate on the rest of the solution is 20% and the trainer’s is 60%; on route Y both
are 50%. With the advantage from the sampler’s continuations, the step-1 update lowers
X, q(X)Aq(X) = 0.5 × (0.2 − 0.35) = −0.075, while the trainer’s own gradient raises it,
0.5× (0.6− 0.55) = +0.025. Only the ratios of the later steps can correct this, so at the level
of the gradient C1 and C2 are two separate first-order errors.

7.2 The exact fix: multiplying the ratios over the whole response

Take the weight of every token to be the ratio of the whole response,

wseq =

L∏
t′=1

p(yt′ | st′)
q(yt′ | st′)

=
p(y | x)
q(y | x)

,

which is the same for all t. It depends on the whole response, so it is not in the class of §1.4;
computed directly, it turns an expectation under q into one under p:

Ey∼q

[p(y | x)
q(y | x)

(R− b) g(st, yt)
]

= Ey∼p

[
(R− b) g(st, yt)

]
= Est∼p

[∑
v

p(v | st)Ap(st, v) g(st, v)
]
,

(35)
which is exactly the t-th term of the true gradient. So A, B, and C all go away at once, and the
position of each ratio shows which term it removes:

• the ratios of the steps before t change the prefix distribution to that of p (C1);
• the ratio of step t itself changes the weights to p (B);
• the ratios of the steps after t change the continuation to that of p, so Qq becomes Qp (C2);
• and

∑
v p(v)g(v) = 0 makes the contribution of the baseline zero (A).

Appendix A.16 checks this numerically on a two-step toy model.

The cost. The second moment of the whole-response ratio has an exact form:

Ey∼q

[
(wseq)2

]
=

∑
y

p(y | x)2

q(y | x)
= exp

(
D2(p ∥ q)

)
,

where D2 is the Rényi divergence of order 2 over whole responses. Because the ratio at each step
depends on what was chosen before, this is in general not a product of the unconditional per-step
second moments Eq[r

2
t ]. In an explicit model, the length is fixed at L and the ratio has the same

conditional second moment at every prefix, Eq[r
2
t | st] = 1+σ2r ; since its conditional mean is always

1, σr is the conditional standard deviation of the per-step ratio (not the return variance σ2(s, v)).
Taking conditional expectations from the last step backward gives

Eq

[
(wseq)2

]
= (1 + σ2r )

L,

which grows exponentially with the length; the ratio ESS (§9.4, N/Eq[(w
seq)2]) is (1+ σ2r )

−L times
the original number of samples. For L = 500:
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σr 0.02 0.05 0.1

Second moment 1.22 3.48 145

Ratio ESS, share of the samples about 82% about 29% less than 1%

So whether the exact ratio is usable depends on the accumulated mismatch, measured by the
accumulated second moment or by D2: with a somewhat large mismatch and long responses, its
variance quickly makes it unusable.

7.3 What is done in practice

GSPO’s geometric mean. GSPO [13] uses the 1/Li-th power of the whole-response ratio,
rgeoi =

(
p(yi | x)/q(yi | x)

)1/Li , as the weight of the i-th response, and clips at the sequence level.
This weight depends on the whole response but is not the correction of Eq. (35): the 1/Li-th power
keeps it close to 1, precisely to avoid a huge variance, so it no longer corresponds exactly to any
one term. Its motivation is training stability, not unbiasedness. Ignoring clipping,

∇θr
geo
i = rgeoi

1

Li

Li∑
t=1

git,

where git is the score of the t-th token of the i-th response; the gradient formula in §4.2 of the
GSPO paper writes out this relation [13]. So GSPO also averages the token scores of each response,
with the same 1/Li as the original GRPO, and the length analysis of Chapter 8 applies to it. In
the umbrella formula it is a weight outside Premise P, counted in D.

Controlling the distance. Limiting the sample age and adding a KL penalty toward the sampler
both keep p close to q, and so keep C small (Chapter 10). Another option is to estimate the trainer’s
own values with a critic.

7.4 At the level of the objective, the two parts combine into one term

Let η(π) be the expected return of policy π, γ the discount, and dπ the distribution of the prefixes
that π visits (the discounted visit frequencies, normalized to a distribution). The performance-
difference lemma [21] says

η(π)− η(q) =
1

1− γ
Es∼dπ Ea∼π

[
Aq(s, a)

]
.

So for the value of the objective, the sampler’s advantage is exact as long as the prefixes come
from the right policy: at the level of values, C2 does not appear on its own, only together with C1.

The TRPO surrogate Lq(π) uses the prefixes of q, and η(π)− Lq(π) is the value-level counterpart
of C (§3.3 showed that C = ∇θ[Lq(pθ) − J(pθ)]). The two functions agree to first order at π = q,
so C is second order for the objective and first order for the gradient. This “second order” is in
the square of the total variation distance (the TRPO bound [22], Chapter 11), and unlike the KL
bound for B (§6) it also holds at the boundary of the support.
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C also grows with length. The prefix of the t-th token consists of the t − 1 choices made before
it, and the KL between the sampler’s and the trainer’s distributions over these prefixes is the sum
of the expected per-token KL over those steps, so it grows roughly linearly in t. In the TRPO-
style bound this term has a factor 1/(1 − γ)2, one more factor of the horizon length than B has
(Chapter 11).

Cells of Table 1 filled in this chapter: The whole-response ratio row and the GSPO row.

What remains after this term: A, B, and C all assume Premise P. Methods used in practice vi-
olate it in a few places (GRPO’s 1/Li, the group standard deviation, the length-weighted baseline);
the next chapter computes what this costs, also on-policy.

8 Term D: methods outside Premise P

E
∥∥ĝN −∇θJ

∥∥2 =
∥∥∥A + B + C [+ D ]

∥∥∥2 +
trCov(ĝ)

N

This chapter answers: What happens when the baseline looks at a response’s own reward, or
the weight at its length, and how do we measure the resulting length bias? Where do GRPO’s
1/Li, the group standard deviation, the length-weighted baseline, DAPO, and Dr. GRPO fit?

These effects do not come from q ̸= p, so we work on-policy. Here D = E[ĝ]− E[ĝ0] for a reference
estimator ĝ0 that satisfies Premise P (§3.3); §8.8 lists ĝ0 per method and treats D off-policy.

8.1 One principle: the coefficient of a response gives the local surrogate of the
current update

Collect everything that multiplies the tokens of the i-th response into one coefficient ci:

ĝ =
∑
i

ci Si, Si =
∑
t

g(sit, yit) = ∇θ log p(yi | x). (36)

For GRPO [10] (without dividing by the standard deviation), ci = (Ri− R̄)/(nLi); for DAPO [11],
ci = (Ri − R̄)/

∑
j Lj ; for Dr. GRPO [12], ci = (Ri − R̄)/C with a fixed constant C.

The scalar ci (not the centering vector c(s) of Chapter 1) also depends on the other responses in
the group. At the current parameters θ0, we freeze their distribution and define

c̄(y; θ0) = Eother responses∼pθ0

[
ci(y; other responses)

]
, F(θ; θ0) = Ey∼pθ

[
c̄(y; θ0)

]
.

If ci depends on θ only through the responses, the score identity (Appendix A.2) gives

E
[
ci Si

]
= ∇θF(θ; θ0)

∣∣∣
θ=θ0

. (37)

So the current update is the gradient of the local surrogate F(· ; θ0): near θ0, the policy
moves in the direction that makes c̄ larger.

35



How to check whether a method has a length bias

1. Freeze the other responses and write ci as a function of this response’s reward Ri and
length Li. If ci is a positive constant times Ri minus a quantity that does not involve this
response, the update is a positive multiple of ∇θJ ; any other dependence on this response
is gradient ascent on a reward you never wrote down, and this is where D comes from.

2. With Ri fixed, any dependence of ci on Li is a length preference the reward did not
ask for, measured by the length elasticity ∂ log |ci|/∂ logLi (the percent change of the
weight when the response is 1% longer) or the implied per-token cost ∂ci/∂Li (in the
units of a per-token length penalty; negative is a cost, positive a bonus).

The local surrogate is not a global objective: c̄ changes with θ0 through the distribution of the
other responses, and some such updates are not the gradient of any fixed function (Appendix A.13).

8.2 Applying the principle to different methods

Write ci = (Ri − b) ℓi, where b does not involve this response and ℓi = ℓ(Li) > 0 is a length factor
(unrelated to the SFC score h). After freezing, b is a number with mean b0, so by Eq. (37) the local
surrogate is Epθ [(R− b0) ℓ(L)]. A constant ℓ (Dr. GRPO, RLOO) gives no length preference; an ℓ

that decreases with L prefers short responses when R > b and long ones when R < b.

GRPO: ℓ = 1/L. The local surrogate is E[(R− b0)/L], so wrong responses keep getting longer (as
Dr. GRPO pointed out); doubling the length halves the weight (elasticity −1) for any n.

DAPO’s per-group normalization. This response’s length is in the denominator: ℓi = 1/(Li +

Λi) with Λi =
∑

j ̸=i Lj , so the elasticity is −Li/(Li + Λi), about −1/n for a typical response. For
a 0/1 reward the conclusions above hold although ℓi also depends on the other lengths. With the
usual whole-batch average, Λi is very large and the effect negligible.

The length-weighted baseline (LW). OPO [14] uses it to approximate the minimum-variance
baseline (15). The length enters through the baseline bLW =

∑
j LjRj/

∑
j Lj , which gives a

response’s own reward the weight ωi = Li/
∑

j Lj . By the self-inclusion rule (12),

Ri − bLW = (1− ωi)
(
Ri − bLW−i

)
, ωi =

Li

Li + Λi
, bLW−i =

∑
j ̸=i LjRj∑
j ̸=i Lj

. (38)

So ℓi = 1− ωi = Λi/(Li + Λi), and the elasticity −ωi is larger in magnitude for a response with a
large share of the tokens. The leave-one-out version uses bLW−i , so ℓ = 1.

Method Length factor ℓ(Li) Elasticity Effect

GRPO 1/Li −1 Strong; does not shrink with n

DAPO, per-group normalization 1/(Li + Λi) −ωi ≈ −1/n Weak
DAPO, per-batch normalization Nearly constant ≈ 0 Negligible
Dr. GRPO (constant divisor) Constant 0 None
RLOO, token sum Constant 0 None
Length-weighted (self-included) Λi/(Li + Λi) = 1− ωi −ωi ≈ −1/n Weak
Leave-one-out length-weighted Constant 0 None
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8.3 The same thing, viewed as an average over the group

For a token sum and one baseline b̄ for the whole group, an exact identity holds (Appendix A.12):

E
[ n∑

i=1

(Ri − b̄)Si

]
= n∇θJ − ∇θ E[b̄]. (39)

For the group mean, E[R̄] = J , so the expected update is (n − 1)∇θJ . For the length-weighted
baseline, bLW = R̄+CovG(L,R)/L̄ (within-group covariance CovG, mean length L̄), so

E[ĝLW] = (n− 1)∇θJ − ∇θ E
[CovG(L,R)

L̄

]
. (40)

The second term lowers the within-group covariance of length and reward, making correct responses
shorter relative to wrong ones. In a large group (moments and derivatives under control) it is of
order 1/n relative to the main term, but along directions that change the length and not the
accuracy, ∇θJ is zero and, apart from an explicit length penalty, it is the only nonzero gradient.
For a 0/1 reward with success rate ϱ and mean lengths Lc of correct and Lw of wrong responses,
its large-group limit is Cov(L,R)/E[L] = ϱ(1− ϱ)(Lc − Lw)/

(
ϱLc + (1− ϱ)Lw

)
.

8.4 Two worked examples

Two responses of very different lengths. With L1 = 1000, L2 = 1, and the long response
correct, bLW = 1000/1001 ≈ 0.999: the long one gets +0.001 per token instead of the leave-one-out
+1, and with rewards swapped −0.001 instead of −1, the same direction as GRPO’s 1/L bias.

Four responses

Response Ri Li ωi Group mean LW Leave-one-out LW 1− ωi

A 1 2,000 0.1 +0.5 +0.6 +0.667 0.9
B 1 6,000 0.3 +0.5 +0.6 +0.857 0.7
C 0 10,000 0.5 −0.5 −0.4 −0.800 0.5
D 0 2,000 0.1 −0.5 −0.4 −0.444 0.9

Token-weighted sum
∑

i LiAi −2000 0 −2413

The LW column is the leave-one-out column times 1− ωi, so the long wrong response C, with
half of the tokens, keeps half of its negative signal per token. The net push (last row) shows
the trade-off: with unequal lengths, zero net push and no self-inclusion bias cannot both hold.

A three-parameter toy model [toy]. The policy has logits a for the success rate and βc, βw
for a correct and a wrong response to be long (length 800 instead of 200); the reward looks only at
correctness, so the update along βc and βw is entirely bias. At a = βc = βw = 0 (exact sums over
all groups), its ratio to the update along a is 0.42 for GRPO’s 1/Li for every n from 2 to 16, about
0.44/n for the length-weighted baseline and, for large n, about 0.42/(n− 1) for DAPO’s per-group
normalization, and exactly zero for the constant divisor, RLOO, and leave-one-out LW.
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8.5 The group standard deviation

GRPO also divides by the group standard deviation, which depends on Ri too; §4.2 gives the
conditional mean χ(R). For a reward with two values, χ is linear: within one prompt it is a fixed
baseline times a constant ζ, a positive scaling that keeps the direction. But ζ changes with the
success rate (for n = 8, about 1.86 at success rate 0.5 and about 2.11 at 0.2 or 0.8), so prompts
with extreme success rates get more weight: the difficulty bias that Dr. GRPO describes.

With three or more values, χ can be nonlinear: for n = 2 and a reward that independently takes
each of the values {0, 1, 10} with equal probability, the signal is sign(Ri−Rj), so χ = (−2/3, 0, 2/3),
which is not proportional to R − E[R] = (−11/3, −8/3, 19/3), and the local surrogate is E[χ(R)]
rather than E[R]. Both effects change the objective; neither is a length effect.

8.6 Clipping and masks that depend on the sign of the signal

Clipping in the style of PPO [23] (including DAPO’s clip-higher [11]) gives zero gradient weight to
tokens whose ratio is above the upper limit when the signal is positive, and below the lower limit
when it is negative. The weight then depends on the sign of R − b, which violates (P2). This is a
deliberate change of the objective, to limit how much one step changes the policy.

With ratio-only truncation or masking (TIS, MIS), we can weight first and then center, and the
expected update no longer depends on the baseline (§5.4). Not with the PPO mask: changing
the baseline changes the sign of the signal, and so which weights are used. Example: two tokens,
q = (0.1, 0.9), p = (0.2, 0.8), and the parameter is the log-odds of token 1, so g = (0.8, −0.2)

and r = (2, 8/9); the clip range is [0.8, 1.2]. A positive signal masks token 1, so w+ = (0, 8/9);
a negative one masks ratios below 0.8, so none: w− = (2, 8/9). Exact re-centering gives f+ =

w+g − Eq[w+g] = (0.16, −0.0178) and f− = w−g − Eq[w−g] = (1.6, −0.178), both with mean zero
under q.

With deterministic returns R = (1, 0) and b = 0, token 1 has a positive signal and token 2 a zero
signal, so the expected update is 0.1× 1× 0.16 = 0.016. With b = 0.5, token 1 uses f+ and token
2, now negative, uses f−, giving 0.1 × 0.5 × 0.16 + 0.9 × (−0.5) × (−0.178) = 0.088. Each set has
mean zero under the full q, but the set actually used is picked by the sign of each token’s signal,
and multipliers picked this way no longer have mean zero.

The public code of Marek and Ryabinin combines centering with this kind of sign mask, taking the
centering weights from one of the two sets by the sign of the signal (log_mass in losses.py) [2];
by the example above, its expected update still depends on the baseline. So the PPO mask is left
out of the baseline-invariance guarantee of Chapter 5 and counted in D. Centering can still be used
with it, but the actual estimator and its guarantees must then be written out again.

8.7 Common misreadings

“With a token-level loss, the group mean’s negative net push favors short responses.”
Not on-policy: with a constant divisor the expected update is exactly (n−1)∇θJ (Eq. (39)); the net
push multiplies a score with mean zero and only adds noise. It is a bias only off-policy (Chapter 4).
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8.8 The reference estimator for each method, and D off-policy

The table lists ĝ0 for each method. When a method violates P in several places, ĝ0 replaces all of
them, and D is the total difference, which need not split into one difference per place. In the last
two rows ĝ0 is centered, so D also counts the drift that the actual method does not remove.

Method Where P is violated Reference ĝ0 What D is

Self-included group
mean (as in GRPO,
Dr. GRPO)

Own reward in the
baseline (P1)

Leave-one-out, same
normalization

Sample by sample, ĝ = (1− 1
n
)ĝ0, so

D = − 1
n
E[ĝ0]: only a scaling

GRPO’s 1/Li Own length in the
weight (P2)

Leave-one-out,
constant divisor

An extra factor 1/L in the local surrogate
(plus a scaling by 1− 1

n
): a length

preference
DAPO’s per-group
normalization

Own length in the
divisor (P2)

Leave-one-out,
constant divisor

A length preference with elasticity about
−ωi (plus a scaling by 1− 1

n
)

Self-included
length-weighted
baseline (token sum)

Own reward and
length in the
baseline (P1)

Leave-one-out
length-weighted

On-policy,
D = −∇θJ −∇θE[CovG(L,R)/L̄]: a
scaling plus a length term

Group standard
deviation

Own reward in the
signal (P1)

Leave-one-out, no
division by the
standard deviation

The reward is replaced by χ(R): a
per-prompt scaling for a binary reward
(difficulty bias), a changed objective for
more values

PPO’s sign mask Sign of the signal in
the weight (P2)

Ratio truncation,
re-centered

The expected update depends on the
baseline (§8.6)

GSPO Whole response in
the weight (P2)

Per-token ratio
truncation,
re-centered

A sequence-level weight, plus the length
factor 1/Li (§7.3)

Off-policy. For a baseline that depends on this response, Eq. (22) gives

D = −
∑
t

Est∼q

[
Cov(b, f | st)

]
,

with the reference baseline of §3.3. This covariance remains when SFC or IS makes f̄ zero. A length
factor acts the same way: in the signal (R−b) ℓ(L), the part b ℓ(L) depends on this response’s length.
So D does not go away together with A (item 3 of §5.6); removing it requires a different baseline
or normalization.

Cells of Table 1 filled in this chapter: D column: length weighting (self-inclusion bias, about
O(1/n) in large groups); GRPO’s 1/Li and group standard deviation (surrogate changed); RLOO
and GRPO group mean (only a scaling); PPO’s sign mask (baseline-dependent update).

What remains after this term: That ends the four bias terms. The umbrella formula’s other
half is the variance: each fix for A or B adds some, and the next chapter computes how much.

Part III Variance, choices, and guarantees

39



9 Variance: the cost of fixing the bias

E
∥∥ĝN −∇θJ

∥∥2 =
∥∥∥A + B + C [+ D ]

∥∥∥2 +
trCov(ĝ)

N

This chapter answers: How large is each kind of noise in a finite batch, and how do the baseline,
the ratio, and the alternative tokens change it? When does variance matter more than bias?

9.1 Starting from the per-prefix formula

By Eq. (23) of §3.8, at a prefix s the second moment of the update (R− b)fξ from a single token is∑
v

q(v)
[
(Aq(v) + Āq)

2︸ ︷︷ ︸
source 1

+ σ2(v)︸ ︷︷ ︸
source 2

+Var(b | s)︸ ︷︷ ︸
source 3

]
Eξ∥fξ(v)∥2︸ ︷︷ ︸

size of the multiplier

,

and the variance is this minus the squared mean. Averaging N independent samples keeps the bias
and divides the variance by N , so the mean squared error (MSE) with respect to the target is

MSE(N) = ∥bias∥2 +
trCov(ĝ)

N
. (41)

What N counts. Responses that serve as each other’s baselines are not independent, even if the
rollouts are. The smallest example is on-policy: two actions a ∈ {0, 1}, p(a = 1) = 1/2, return
R = a, log-odds score g(a) = a − 1/2, and two responses, each the other’s leave-one-out baseline.
The updates X1 = (R1 − R2) g(a1) and X2 = (R2 − R1) g(a2) are both 0 when the actions agree
and both 1/2 when they differ, so X1 = X2, and their average still has variance 1/16, not 1/32.

So in this note a group of independent responses is one sampling unit, and N counts groups.
Counting responses requires the cross terms, trCov

(
1
N

∑
iXi

)
= 1

N2

∑
i,j trCov(Xi, Xj), which

are exact for on-policy leave-one-out (Appendix A.15): with Xi = (Ri − R̄−i)Si in a group of n,
Cov(Xi, Xj) = ∇θJ ∇θJ

⊤/(n− 1)2 for i ̸= j, so

trCov
( 1

n

n∑
i=1

Xi

)
=

trCov(X)

n
+

∥∇θJ∥2

n(n− 1)
.

The second term is 1/
(
(n − 1)N∗

1

)
times the first, where N∗

1 = trCov(X)/∥∇θJ∥2 is the N∗ of
Eq. (14) for single responses: the two terms are equal in the two-action example (N∗

1 = 1, n = 2),
and the correction is negligible when N∗

1 is in the hundreds or thousands. Off-policy, or with other
baselines, the cross terms must be computed separately.

The examples below use one prefix, independent main samples, a deterministic return (R = Qq(v),
so source 2 is zero), and a fixed baseline (source 3 is zero); their N∗ = trCov(ĝ)/∥Eĝ∥2 compares
methods and is not the number of responses a real batch needs, still less a number of tokens.

9.2 Source 1: the common offset, set by the baseline

The Ā2
q in source 1 is what the baseline leaves behind. Once SFC makes A zero, this term is where

the baseline matters (its fluctuation also enters source 3, and through E[A2] it enters VK , §9.4).
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Example 1 (off-policy): N∗ of SFC for each baseline and K

q = (0.6, 0.4), Qq = (0.91, 0.89), h = (0.4,−0.6); the expected update is 0.0048 for every b.
“Exact centering”: mq known; K: mq estimated with K alternative tokens, adding VK (§9.4).

Values of one sample Exact centering K = 4 K = 1

b = 0 0.364, −0.534 8400 10519 16876

b = 0.5 (the prompt’s success rate) 0.164, −0.234 1650 2071 3334

b = 0.902 = V q 0.0032, 0.0072 0.17 0.42 1.17

SFC removes the shared part of the signal (about 0.4 at b = 0.5) from the expectation, not
the variance, so the baseline still matters; at b = V q one sample has the right sign.

The variance-minimizing baseline, and the cost of an inaccurate one. With exact center-
ing, the expected update of SFC does not depend on b, so the best b minimizes Eq[(R− b)2∥h∥2]:

bvar =
Eq

[
R ∥h∥2

]
Eq

[
∥h∥2

] , Eq

[
(R− b)2∥h∥2

]
= Eq

[
(R− bvar)

2∥h∥2
]
+ (b− bvar)

2 Eq∥h∥2. (42)

The second equation is exact: any other b adds exactly (b− bvar)
2Eq∥h∥2 of variance and no bias,

which makes the statement of §2.4 exact. In Example 1, bvar = 0.898, close to V q = 0.902; with it
the variance is zero, which, as in Chapter 2, is special to two tokens and one parameter.

9.3 Sources 2 and 3

Source 2: return noise from the continuation. It is also multiplied by ∥f∥2, so its cost depends
on the method. With σ2v the variance of the return after token v, in Example 2 (q = (0.1, 0.1, 0.8),
p = (0.8, 0.1, 0.1)) SFC with exact centering adds

∑
v q(v)σ

2
v∥h(v)∥2 = 0.146σ21+0.146σ22+0.048σ23,

and exact IS adds
∑

v q(v)r(v)
2σ2v∥g(v)∥2 = 0.384σ21 + 0.146σ22 + 0.018σ23: much more on token 1,

which the sampler rarely draws and the trainer often picks (§9.4).

Source 3: fluctuation of the baseline. The leave-one-out average of the other n− 1 responses
is independent of this response; its variance Var(R)/(n − 1), with Var(R) the return variance of
one rollout for the prompt, is multiplied by EqEξ∥fξ∥2 (for the group mean, scale by 1 − 1/n). It
shrinks as n grows, is usually much smaller than source 1, and under Premise (P1) adds no bias.

9.4 The size of the multiplier: what the weight and the centering add

The weight w: the effective sample size of exact IS. When f = rg, ∥f∥2 = r2∥g∥2. Assuming
support coverage, the ratio has mean Eq[r] =

∑
v p(v) = 1 and variance

Varq(r) = Eq[r
2]− 1, Eq[r

2] =
∑
v

p(v)2

q(v)
= exp

(
D2(p ∥ q)

)
, (43)

where D2 is the Rényi divergence of order 2. The usual effective sample size (ESS) of N ratios,
(
∑

i ri)
2/

∑
i r

2
i , is N when all the ratios are equal and close to 1 when one dominates. Its numerator

is about (NEq[r])
2 = N2 and its denominator about NEq[r

2], so ESS ≈ N/Eq[r
2].
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The ESS measures how concentrated the ratios are, not directly how much the variance grows. For
the averaged quantity X = (R− b)g, with m = Ep[X] = Eq[rX], the exact variance ratio is

trCovq(rX)

trCovp(X)
=

Eq

[
r2∥X∥2

]
− ∥m∥2

Ep

[
∥X∥2

]
− ∥m∥2

,

close to Eq[r
2] only when ∥X∥2 is about constant across tokens and ∥m∥2 is negligible. Counterex-

ample: p = (0.99, 0.01), q = (0.5, 0.5), X = (1, −1), so ∥X∥2 is 1 everywhere and Eq[r
2] = 1.9604,

but the on-policy variance is 1 − 0.982 = 0.0396 and the weighted variance 1.9604 − 0.982 = 1, a
ratio of about 25.25. In Example 2, Eq[r

2] = 6.5 (ESS about 15% of the samples), but N∗ is 11.9

for exact IS and 1.44 on-policy from p: a ratio of 8.3, the same order as 6.5, not equal.

Right on average, but almost never right in a single batch

The trainer is p = (0.5, 0.5) and the sampler is q = (0.999, 0.001). From 100 samples of the sam-
pler we estimate the trainer’s probability of the rare second token, 0.5, by 1

100

∑
i r(vi)1{vi = 2}.

The rare token’s ratio is 0.5/0.001 = 500, so the estimate is 5× (its count in the batch):

Times the rare token appears 0 1 2

Probability 90.5% 9.1% 0.45%

Estimate 0 5 10

The estimate is exactly 0.5 on average, but a single batch almost never gives a number close to
it; Eq[r

2] ≈ 250, so the ESS of the 100 samples is below 1.

Example 2 is milder: token 3 is 80% of the samples, but with ratio 0.125 its update
(0.015, 0.002,−0.017) is almost zero, while token 1, only 10% of the samples, has ratio 8 and
update (1.36,−0.68,−0.68) and gives almost all of it; a batch of 10 has no token 1 with probability
0.910 ≈ 35%. D2 reacts to rare tokens much more strongly than the KL, so this cost can be large
while the monitored KL is small; it is infinite when the sampler truncates but the trainer does not.

The centering c: VK , the cost of estimating the average. SFC estimates mq with K

alternative tokens (Eq. (29)), which must be

• distributed like the main token (same temperature and truncation), so E[∇θz(a
′
k)] = mq;

• drawn with replacement, since forbidding repeats changes the distribution: with q = (0.9, 0.1),
one alternative token that must differ from the main token has distribution (0.1, 0.9);

• independent of the main token’s outcome.

Writing the update from one main sample as the exactly centered update minus an error,

X̂ = A ĥ(a) = A
(
∇θz(a)−mq

)︸ ︷︷ ︸
X0

−Ae, e = m̂q −mq,

the three requirements give E[e] = 0, e independent of the main token and its signal, and Cov(e) =

Σg/K, where Σg = Covv∼q(∇θz(v)) is the covariance of the logit gradient of one alternative token.
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So the mean does not change, and the variance grows by (Appendix A.14)

VK =
E[A2] tr Σg

K
, (44)

which is the term trCovξ(fξ) = trΣg/K of Eq. (23) times the second moment of the signal. In
Example 1 with b = 0.5 andK = 4: trΣg = 0.6×0.4 = 0.24, E[A2] = 0.6×0.412+0.4×0.392 = 0.162,
and VK = 0.162×0.24/4 = 0.0097, matching a Monte Carlo average of 0.0097 over 20 random seeds
of 2× 105 samples (standard deviation 0.00008 across seeds). Three consequences:

• A baseline that centers the signal also lowers VK , because E[A2] = Var(A) + Ā2
q .

• On-policy, mq = mp is known from backpropagation, so alternative tokens only add VK .
• With the head computed exactly from the logged top-k probabilities and only the tail sampled,

Σg becomes q(H̄)2Covq(·|H̄)(∇θz), much smaller for a peaked distribution (§C.1).

In one sentence: VK is the squared signal times the spread of the logit gradient under the sampler,
over K: no ratio, so no 1/q amplification, but it grows with the signal.

9.5 Both sample from q: why the sources of variance differ

Both sample from q; with a deterministic return and a fixed baseline, A(v) = Qq(v) − b, their
single-sample second moments differ only in what each sample is multiplied by:

Exact IS:
∑
v

q(v) r(v)2A(v)2∥g(v)∥2 =
∑
v

p(v)2

q(v)
A(v)2∥g(v)∥2,

SFC:
∑
v

q(v)A(v)2∥h(v)∥2 + VK ,

and in general A(v)2 is replaced by E[(R− b)2 | s, v]. In exact IS, q(v) is in the denominator, so
the rare tokens of §9.4 dominate, without bound as q(v) → 0. In SFC, q(v) is in the numerator,
and VK has no ratio (it depends on the spread of ∇θz, set for a neural network by the Jacobian of
the logits). This is a trade between bias and variance: giving such a token its share under p takes
large weights on a few samples, the variance of IS; SFC avoids it by keeping the weights at q, which
is term B.

9.6 Putting bias and variance together

(a) SFC versus exact IS (Example 2, with G[p] as the target). SFC has term B, with
∥bias∥2 = 0.0074 and single-sample variance 0.102; exact IS has no term B and variance 0.273

(both with the baseline V q and the exact average). By Eq. (41):

Samples at the same prefix, N 1 5 10 23 50 100

MSE of SFC 0.109 0.028 0.018 0.0118 0.0094 0.0084

MSE of exact IS 0.273 0.055 0.027 0.0119 0.0055 0.0027
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The crossover is at about 23 samples (about 32 with a baseline of 0). In real training a prefix usually
appears once, but the gradient sums many prefixes: if B points in correlated directions on different
prefixes it adds up while independent noise averages out, which favors IS; heavy-tailed ratios let a
few tokens dominate the sum, which works against IS. So the effective sample size decides.

(b) TIS with re-centering: between the two [toy].

• Setup. Random tabular problems with 20 tokens: sampler logits from N (0, 1.52); Qq(v)

uniform on [0, 1]; trainer logits zq + κAq (moved along the advantage) plus independent
normal noise per token with standard deviation 0.2κ, so a larger κ means a larger lag. Ratio
cap r̄ = 2; 3000 problems per κ; random seed 7.

• What is compared. With G[p] as the reference target: G[q] for SFC, G[min(p, r̄q)] for TIS
with re-centering (“TIS” in the table), and G[p] for exact IS. Variances are of the single-sample
update (signal Aq, exact centering, no VK), as median multiples of SFC’s.

• Measures. ESS: median of 1/Eq[r
2]. w̄ = Eq[w̃]: average total mass of the weights. Gap

ratio: ∥G[p]−G[min(p, r̄q)]∥/∥G[p]−G[q]∥, below 1 if closer to the target than SFC. Rescaled:
truncated update divided by w̄. Cosine: median cosine of an expected update with G[p].

Median gap ratio (fraction < 1) Cosine with G[p] Variance (multiple of SFC)

κ ESS w̄ Raw Rescaled SFC TIS TIS, raw TIS, rescaled Exact IS

1 0.92 1.00 0.00 (100%) 0.00 (100%) 0.98 1.00 1.16 1.17 1.17
2 0.73 0.95 0.20 (99%) 0.19 (100%) 0.91 1.00 1.33 1.46 1.70
4 0.41 0.78 0.50 (90%) 0.49 (89%) 0.68 0.90 1.13 1.84 3.12
8 0.16 0.52 0.54 (90%) 0.78 (63%) 0.28 0.30 0.74 2.85 5.57

Observations. With a small lag, almost no token has r > r̄, so truncation with re-centering is
just exact IS. With a moderate lag (κ = 2, 4), it is closer to the target than SFC in about 90% of
the cases or more, with a rescaled variance below that of exact IS. With a very large lag (κ = 8),
little advantage is left once the scaling is removed (the raw variance is low partly because only half
of the weight mass is left); SFC and truncation both have a cosine of only about 0.3 with G[p], and
exact IS has the right expected direction at 5.6 times the variance of SFC.

What this does not show. The toy has one prefix, a tabular parameterization, and exact
centering: no term C, no VK , no correlation between prefixes. It shows that at moderate lag TIS
with re-centering can be a compromise between the two, not that it beats both in real training.

Evidence from training [empirical]: Marek and Ryabinin [1] (§5.3, Figure 4) report that for Qwen3-
0.6B on Countdown, with a sampler refreshed only every 64 steps, SFC combined with TIS or MIS
works better than SFC alone; their abstract adds that the additive correction can be combined
with IS and that, in their staleness experiments, the combination beats IS alone. This agrees with
the toy in direction, for one model, task, and refresh interval; such comparisons should align step
sizes, or part of the difference is only one of learning rate.

(c) SFC versus plain REINFORCE: centering can also raise the variance. Two signals
(q(1) = 0.5, p(1) = 0.6, scalar log-odds parameter, g(a) = a − 0.6, h(a) = a − 0.5, K = 100, and
the expectation of SFC as the target):
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Signal A(1) = 1, A(0) = 0 A(1) = 0.5, A(0) = −0.5

Squared bias of plain REINFORCE 0.0025 0

Single-sample variance: plain / SFC (with VK) 0.04 / 0.06375 0.0025 / 0.000625

Better at N = 1 Plain SFC

In the first column, centering raises the base variance from 0.04 to 0.0625, and SFC wins only when
N > 9.5. In the second, the signal is already centered (Āq = 0) and neither estimator is biased;
SFC’s base variance is zero, so its 0.000625 is all VK (K = 100). In general, centering changes the
base variance by Var(A)∥mq −mp∥2 − 2(mq −mp)

⊤Cov(Ag,A), whose sign the baseline decides.

(d) After many training steps [model]. If the bias points in correlated directions across steps,
after M training steps (not N samples) it adds up roughly like M∥bias∥, and independent noise
like

√
M · variance, so a systematic bias matters more in long training. This rough rule assumes a

fixed bias direction and noise independent across steps; neither holds exactly.

Cells of Table 1 filled in this chapter: The variance column: critic, RLOO, length weighting,
SFC (+VK for a sampled center), exact IS (§9.4), TIS/MIS.

Next question: How do we choose given the target, why q ̸= p, and the variance we can afford?

10 How to choose: target first, then source, then variance

This chapter answers: In real training, which terms are present, which need fixing, and with
what? What does a KL penalty toward the sampler do?

Ask three questions in order, rather than starting from a method’s name:

1. Which policy do you want to improve? The deployed sampler or the current trainer;
this decides whether B and C are errors (§3.5).

2. Why is q ̸= p? Engine mismatch, staleness, sampling settings, or several at once; this decides
which terms are nonzero and which model applies.

3. Can you afford the variance of the ratios? The per-token effective sample size and D2

(§9.4) decide between SFC, exact IS, and truncation.

10.1 Engine mismatch

The model. The rollout engine runs the current weights but computes the logits with an error,
qθ = softmax(zθ+ε), where ε(v) may depend on the prefix and the token. The sampler’s own score
is (Appendix A.5)

∇θ log qθ(v) = ∇θz(v)−mq︸ ︷︷ ︸
h(v)

+ ∇θε(v)− Eq[∇θε]︸ ︷︷ ︸
present only if the error changes with θ

. (45)

The fixed-error model of §3.5 sets ∇θε = 0 (a stop-gradient on the error, the same construction
as straight-through, STE; Appendix A.6), so ∇θ log qθ = h: SFC is exact REINFORCE for the
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engine’s own policy [model].

Consequence. If deployment also uses this engine and the centering is accurate (the exact mq or
an unbiased estimate; a logged head with a modeled tail leaves the residual of §C.1), SFC gives
exactly the gradient of the deployed qθ, while ratios toward the trainer p would give the gradient
of a policy that is not deployed, with a second moment about eD2(p∥q) times larger (§9.4). So SFC
is exact here whatever the size of ε, while the cost of IS may grow with it: the cost depends on
how much the differences in ε between tokens change the distribution, not on ε itself (adding the
same large constant to all logits changes nothing).

This is consistent with the report that heavier quantization widens the gap between SFC and TIS
(Marek and Ryabinin [1], Figure 1 and §5.4: for a 30B model whose sampler uses INT8 weights
and activations and an INT4 KV cache, score centering reaches 30% training accuracy, TIS 12%,
and every other method stays below 5%) [empirical]. It does not show that SFC becomes more
exact with heavier quantization, which may make the error less smooth and more dependent on θ.

Where the model fails. The error can change with θ (mixture-of-experts routing depends on
θ; the rounding of hard quantization changes with the weights), and SFC then misses the second
term of Eq. (45). Or deployment may use a third engine, and the target is neither q nor p.

10.2 Staleness

Here q is the trainer from a few updates ago and the target is the current trainer p, so all three
terms are real errors.

• A: remove it with SFC, which is cheap and adds no bias of its own; its cost is VK .
• B: negligible with a small lag and equal supports (§6); with a large lag, exact per-token IS

or TIS with re-centering, depending on the ESS (§9.6 and the table below).
• C: with direct reweighting, it shrinks only if the lag stays small (sample-age limits, a KL

penalty) or the full sequence-level ratio is used; it grows with the length of the response.

The bound of Chapter 11 guarantees only an improvement over the sampler, which under staleness
may already be worse than the current trainer.

10.3 Different sampling settings

With a temperature or top-k/top-p truncation, q is not the trainer’s full softmax even with the
same weights and engine. Compute q with the actual temperature and filtering rules (all that SFC
needs), and handle the support as in §5.2: re-centering cannot recover tokens with q = 0, and a
switch to a restricted target must be stated.

10.4 Several causes at once

Engine differences and lag often occur together. Two cheap measurements help: the KL between
sampler and trainer with the same weights and zero lag (the engine part), and the same KL at the
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normal lag. They cannot be subtracted, because the KL does not split into an engine part plus
a lag part, but the first shows whether the engine difference alone is already non-negligible; the
target must again be stated explicitly.

10.5 What a KL penalty toward the sampler does

By Eq. (24), adding β DKL(q∥pθ) to the loss adds the ascent direction β (mq−mp), the direction of
the A term when Āq > 0. Zhang [3] uses this term together with SFC, and the StableReinforce loss
in Thinking Machines’ Tinker (currently in alpha) also adds such a KL term between the sampler
and the learner, with a default coefficient of 0.01 [4].

• With SFC: the update is G[q] + β(mq − mp) instead of G[q] + Āq(mq − mp) for plain
REINFORCE: the coefficient Āq (set by the reward and the baseline, varying across prefixes,
of either sign) becomes a positive β that you set. In the feedback-loop model of Appendix B.2
(λ the learning rate, τ the lag in steps, F the Fisher value along the update direction), the
gain becomes λτβF > 0: training can only slow down, never diverge [model].

• Alone (without SFC): the coefficient becomes Āq + β, so the uncontrolled part remains.
• As a trust region: keeping p near q bounds B and C (the two bounds of §6, and Chapter 11);

it limits the bounds, not the gap, because the KL does not see the advantage: policies differing
only where the true advantage is near zero can have a large KL but a small gap.

• With lag: the trainer is a few steps ahead when a batch arrives, and the penalty moves
it back toward the old policy, partly undoing those steps (more so for older samples); so
the coefficient should decay with sample age: Zhang [3] uses βt = β0/

√
aget for sample age

aget ≥ 1 (trainer updates since generation) and β = 0 for fresh samples.
• With engine mismatch: the KL comes mostly from the engine’s error, which the trainer

cannot remove. With the sampler re-synchronized every step, in a toy with two actions and
scalar log-odds θ, the extra term is β[sigmoid(θ+ε)−sigmoid(θ)]: independent of the reward,
and nonzero whenever ε ̸= 0 and the policy is not saturated [model].

• Not a KL to a reference model: the KL of most public recipes (for example GRPO [10])
is toward the starting SFT model and keeps the policy near its start; it has nothing to do
with the sampler–trainer gap, and some newer recipes (for example DAPO [11]) drop it.

10.6 Decision table

Target; cause of q ̸= p;
ratios

Terms
present

What to do Why

All cases A First make the mean of the
multiplier zero (SFC by
default)

A is the gradient of an extra
objective set by the baseline

Deployed engine; engine
mismatch; error roughly
fixed; accurate centering

Only A SFC alone; do not add ratios
toward the trainer

Under this model SFC is the
gradient of the target
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Target; cause of q ̸= p;
ratios

Terms
present

What to do Why

Current trainer; staleness,
small lag

A; small
B and C

SFC plus a limit on sample
age (or a small KL penalty)

First order for the gradient,
second order for the objective
(for B, given the same support)

Current trainer; large lag;
acceptable effective
sample size

A, B, C Exact per-token IS (SFC and
IS correctly combined), plus
an age limit

Fixes B; C still relies on the age
limit

Current trainer; large lag;
a few extreme ratios

A, B, C TIS with re-centering, plus
an age limit

Toy at moderate lag: median
gap ratio to SFC about 0.2–0.5;
weights never exceed r̄

Current trainer; extreme
ratios almost everywhere

A, B, C Reduce the lag first Per-token corrections are either
too weak or too noisy

Sampling with truncation
(top-k, top-p)

A, plus a
support
problem

Check the actual q and the
trainer’s support; if needed,
switch explicitly to a
restricted target

Re-centering cannot recover
tokens with q = 0

1/Li, group standard
deviation, or self-included
length weighting

D Switch to a constant divisor
and leave-one-out

D does not go away together
with A

A PPO-style sign mask D Analyze the actual estimator
separately

Re-centering does not restore
baseline invariance (§8.6)

Target or error model
unclear

— First specify the deployed
policy and its gradient

The source’s label alone cannot
tell whether there is a bias

10.7 Reading a recipe (to be verified by experiment)

Take one recipe: a length-weighted baseline, no division by the standard deviation, a token-level
loss, SFC (K alternative tokens), no ratios, a KL term toward the sampler, and an explicit per-
token length cost in the reward. For the current trainer as target and a small lag, the analysis and
toys of this note say what each part does, not whether the recipe beats others.

• The length-weighted baseline includes the response itself, so it has a self-inclusion length bias
(§8.2), O(1/n) relative to the main term in large groups: its length elasticity of about −1/n

is a few percent to a little over ten percent for n from 8 to 16, and about one percent for n
in the hundreds. In length-only directions, compare it with the explicit length cost.

• SFC removes A at both levels, so length weighting is left only to reduce the variance (§5.6).
• There are no ratios, so B and C are not fixed; the age limit and the KL term control them.
• When the explicit length cost is clipped away on failed rollouts, the small “per-token reward”

from the self-inclusion bias is their only length signal; the leave-one-out length-weighted
baseline removes it, but makes the zero net push only approximate (item 4 of §5.6).

Cells of Table 1 filled in this chapter: The row for a KL toward the sampler and limits on
sample age (A, B, and C smaller, not zero).
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Next question: What can we say about the value of the objective after a step, rather than the
expectation and variance of one update? That is the TRPO-style bound.

11 The TRPO-style bound: which terms it controls and which it
does not

This chapter answers: Is there a lower bound on the return after one step, and which terms of
the umbrella formula does it control? Can it show that SFC is better than plain REINFORCE?

11.1 The bound

After a move to a candidate policy π, the return is at least the SFC surrogate minus two penalties,
one for B and one for C. The notation:

Symbol Meaning

η(π), γ discounted return of policy π; the discount
dq normalized discounted visit frequencies of the sampler’s prefixes
Amax maxs,a |Aq(s, a)|
Ds, D̄KL(q∥π) DKL(q(· | s) ∥π(· | s)) at a single prefix; its average under dq, Es∼dq

[Ds]

α the largest total variation distance, maxs TV
(
q(· | s), π(· | s)

)
, where

TV(q, π) = 1
2

∑
a |q(a)− π(a)|

CTR 4Amaxγ/(1− γ)2

The SFC surrogate is

MSFC
q (π) = η(q) +

1

1− γ
Es∼dq Ea∼q

[
Aq(s, a) log

π(a | s)
q(a | s)

]
,

and its gradient at π = pθ, prefix by prefix, is Eq[A
qg] = Gs[q], the SFC update. Combining the

per-prefix inequality of Appendix A.7 with the TRPO bound [22] gives [identity]

η(π) ≥ MSFC
q (π) − Amax

1− γ
D̄KL(q∥π) − CTR α

2. (46)

The per-prefix step does not need the support of π to be covered by q. At the boundary of the
support, however, the KL term is first order (§6), while the α2 term is not affected.

What does the bound certify? Substitute the definition of MSFC
q into Eq. (46). Only when the gain

in the surrogate exceeds the sum of the two penalties,

1

1− γ
Es∼dq , a∼q

[
Aq(s, a) log

π(a | s)
q(a | s)

]
>

Amax

1− γ
D̄KL(q∥π) + CTR α

2,

does the bound imply η(π) > η(q). An increasing surrogate is not enough, and neither is a surrogate
value higher than the current trainer’s. Also, the comparison is with the sampler: under staleness,
“better than the old sampler” does not mean “better than the current trainer”.
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11.2 How the bound maps to the umbrella formula

• B: the term AmaxD̄KL penalizes B at the level of the objective, that is, the difference between
MSFC

q (weights kept at q) and the TRPO surrogate Lq (weights changed to π) (Appendix A.7).
• C: the term CTRα

2 is the original penalty of TRPO [22], for the difference between Lq(π) and
η(π), the value-level counterpart of C. It has an extra factor of 1/(1− γ). Language models
are usually not discounted (γ = 1); then one needs the finite-horizon version with length T ,
where the two factors correspond roughly to T and T 2.

• A: does not appear. A is a property of the estimator, not of the return; the bound assumes
that the surrogate is estimated accurately, and an estimator with an A term is just a wrong
estimate of it.

• Variance: does not appear either. The bound says “if you reach policy π, the return is at
least this much”; it does not say where finite samples will take you.

11.3 Which question it answers, and which it does not

“Is SFC better than plain REINFORCE?” contains three different questions:

1. What is the lower bound on the return of a given candidate policy? This is what
the bound answers, and for the same candidate policy the two exact bounds, for SFC and for
the plain surrogate, coincide. The plain surrogate uses the computed signal A = Aq + Āq(s),
so it equals MSFC− 1

1−γEs[Āq(s)Ds]; its own penalty is 1
1−γEs[(Amax−Āq(s))Ds]; substituting

both gives Eq. (46) again.
2. Which candidate policy will the training algorithm reach? The A term changes

the path of the optimization, and comparing the lower bounds of the same candidate policy
cannot answer this.

3. How well is the gradient estimated with finite samples? This depends on the bias,
the variance, the sample size, and the training dynamics (Chapter 9).

The real advantage of SFC here is that its guarantee does not depend on the unknown offset
in the signal. Without a critic, Āq(s) = V q(s)−E[b | s] is unknown, so a usable guarantee for the
plain surrogate must take the worst case over |Āq| ≤ BA, at an extra cost of 1

1−γEs[BADs]. The SFC
surrogate does not need this step: when log(π/q) is centered under q, Eq

[
A(log π

q − Eq[log
π
q ])

]
=

Eq[A
q log π

q ], so Āq cancels, and the surrogate can be estimated directly from the computed signal.

Next question: The next chapter turns this into a practical checklist and says which term each
diagnostic checks.

12 Practical checklist and diagnostics

12.1 Checklist

1. State the target (§3.5) and the cause of q ̸= p, and take the matching row of the decision table
(§10.6). Before setting a KL penalty toward the sampler, work out what it penalizes (§10.5).
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2. Remove A first, with SFC by default (Chapter 5). If you keep ratios (§5.4): weight first, then
center; use log probabilities; compute masks from the ratio alone (§8.6).

3. Check q and the support: compute q with the actual temperature and filtering rules; with
truncation, check whether the trainer has mass outside the support of q (§5.2).

4. Check D: is each response’s coefficient “a positive constant times Ri minus a quantity that
does not involve this response” (§8.1)? If not, see the rows for D in the decision table.

5. Reduce variance last (Chapter 9): more alternative tokens or an exact head, a baseline that
centers the signal, a critic if affordable.

12.2 Diagnostics

Logs with only the sampled token’s q(a) and the trainer’s log p(a) do not give q − p over the
vocabulary, so the diagnostics that use full logits, a top-k head, or alternative tokens need these
logged in advance. SFC guarantees a zero mean in expectation over the main and the alternative
tokens together, not on a batch already sampled.

Term Question to
check

Data needed How to read it Limitations

A Is the
multiplier
zero-mean
under q?

Top-k head or full
logits, or
independent
alternative tokens

Average ∇θz(a)− m̂q(s) over
many tokens; zero within the
standard error

Need not be zero on
a single batch

A Does shifting
the baseline
change the
expected
update?

Independent
batches (main and
alternative tokens
resampled)

Add ∆ to the signal
(baseline and masks
unchanged): no average
change without A, ∆ times
the average mq −mp for the
plain estimator

One nonzero batch
does not mean a bug

A Bias left by a
top-k head?

Head probabilities;
a tail assumption
or tail samples

Āq times the residual of
Eq. (31)

Approximate
centering is not
exactly zero-mean

A Do truncated
weights bring
A back?

Truncated
weights; the
trainer’s head
probabilities

Eq[w̃g] in logit space should
be near zero

In general not zero
without re-centering

A How large a
share of the
update is A?

Plain and SFC
updates on one
batch

Their difference∑
iAi(m̂q −mp)(si)

estimates A; compare its
norm with the SFC update

Average over several
batches

A Length–reward
correlation in a
group

Lengths and
rewards

CovG(L,R); the net push
before and after length
weighting

The coefficient of A
only if the drift
vectors are about
the same everywhere
(Appendix B.4)
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Term Question to
check

Data needed How to read it Limitations

B,
variance

Variance cost
of the ratios

Logged ratios Per-token effective sample
size and D2: how
concentrated the ratios are,
not directly the variance
factor (§9.4)

Truncation can hide
a growing
uncorrected part

B, C Shares of the
engine and the
lag

Sampler–trainer
KL at zero lag and
at the normal lag

A large first value means the
engine difference alone is not
negligible

The KL is not a sum
of the two parts

D How large is
the length
bias?

The coefficient ci
as a function of Li

Length elasticity
∂ log |ci|/∂ logLi or the
implied per-token cost,
against the explicit length
penalty

Meaningful only at
fixed Ri

13 Questions and short answers

About A

Q: Is A just a biased baseline? Why not choose the right baseline, or weight it by
length?

Yes, but only together with a nonzero mean of the multiplier f̄ : A is the common offset Āq =

V q(s)− E[b | s] times f̄ , and for plain REINFORCE f̄ is nonzero only off-policy. Removing Āq at
every prefix needs an accurate critic: a GRPO-style baseline has no offset at the prompt, but about
V q(st)− V q(s0) in the middle of a response, however large the group is (§4.2). A length-weighted
baseline makes only the net push of each group zero; the prefix-level part remains (§4.4).

Q: Is SFC just a better baseline, or a control variate?

No. A baseline adds a constant times the multiplier, which leaves the expectation unchanged only
when the multiplier has mean zero; SFC changes the multiplier itself, so that its mean under the
sampler is zero. It is a bias correction, after which the baseline is again a valid control variate
(§5.1, §9.2; Marek and Ryabinin [1] say the same in their §4; Rush [6] introduces the baseline as a
control variate).

Q: Can IS also remove A? Does “adding IS on top of SFC” mean multiplying the SFC
score by the ratio?

Exact IS can: Eq[rg] = Ep[g] = 0 when the sampler covers the trainer’s support. A comes back
with truncated or masked ratios and no re-centering, with a sampler that cannot draw tokens the
trainer would choose, or when the score is centered before it is multiplied by the ratio (then with
the opposite sign). The correct order is weight first, then center: with exact ratios the centering
subtracts zero, so the correct combination is just exact IS (§5.4).
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About B and C

Q: With SFC, is TIS still needed?

They fix different terms: SFC removes A; TIS fixes B and usually makes A smaller, but removing
A requires re-centering. If the target is the deployed rollout engine, its error follows the fixed-error
model, and the centering is accurate, SFC is the gradient of this target and B needs no fix; if the
target is the current trainer, the answer depends on the lag and the effective sample size (§10).

About the guarantee

Q: Why can’t the TRPO-style bound show that SFC is better?

The bound is a lower bound on the return of a given candidate policy, and for the same candidate
the exact bounds for SFC and for the plain surrogate coincide; A, a property of the estimator, is not
in the bound. What it does guarantee is that the new policy is better than the sampler whenever
the gain in the surrogate exceeds the sum of the two penalties, without knowing the offset (§11).
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A Derivations

A.1 The softmax score

For a softmax, log p(v) = z(v)−log
∑

u e
z(u), whose second term has gradient

∑
u p(u)∇θz(u) = mp,

so g(v) = ∇θz(v)−mp. Its average is mp −mp = 0 under p and mq −mp under q.

A.2 The score identity, the policy gradient, and random baselines

For any function ϕ(y) that does not depend on θ,

∇θ Ey∼pθ [ϕ(y)] =
∑
y

ϕ(y)∇θpθ(y) =
∑
y

ϕ(y) pθ(y)∇θ log pθ(y) = Ey∼pθ

[
ϕ(y)S(y)

]
,

where S(y) = ∇θ log pθ(y | x) =
∑

t g(st, yt) is the score of the whole response. Taking ϕ = R

gives ∇θJ = Ep[RS], which is REINFORCE. Conditioning each term of RS =
∑

tRg(st, yt) on
(st, yt = v) replaces R with E[R | st, v] = Qp(st, v), so

∇θJ =
∑
t

Est∼p

[∑
v

p(v | st)Qp(st, v) g(st, v)
]
=

∑
t

Est∼p

[∑
v

p(v | st)Ap(st, v) g(st, v)
]
,

where the last step uses
∑

v p(v)g(v) = 0 to remove V p(st). This is Eq. (5).

For a random baseline, E[(Ri−bi)Si] = ∇θJ−E[biSi], which is Eq. (10), and E[biSi] = E[bi]E[Si] = 0

if bi and yi are independent. For one response’s coefficient (Eq. (37)), fix the other responses: ci is
then a function of yi, and ϕ = ci gives Eyi [ciSi] = ∇θEyi∼pθ [ci]; then average over them.

A.3 The gradient of the KL to the sampler

With q fixed, DKL(q∥pθ) =
∑

v q(v)
[
log q(v) − log pθ(v)

]
, so ∇θDKL(q∥pθ) = −

∑
v q(v) g(v) =

−(mq −mp).

A.4 Deriving the umbrella formula for variable-length responses

Write ĝ =
∑L

t=1(R − b)ft as
∑

t≥1 1{L ≥ t}(R − b)ft. The event {L ≥ t} is determined by the
prefix st, so the expectation of the t-th term is an average over the prefixes st that exist, written
Est∼q, with total mass Pq(L ≥ t). The five steps of §3.2 then hold word for word (in Step 2,
Qq(st, v) already covers v being the end-of-sequence token), and the true gradient has the same
form,

∑
t Est∼p[G

p
st [p]], so Eqs. (17) and (18) hold for any length.

A.5 The sampler’s score under engine error

Let qθ = softmax(zθ + ε). Appendix A.1 with the logits zθ + ε gives ∇θ log qθ(v) = ∇θz(v) +

∇θε(v)−
∑

u q(u)
(
∇θz(u) +∇θε(u)

)
, which regroups into Eq. (45). If ∇θε = 0, the score is h.
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A.6 A local family of distributions: the SFC score is a genuine score

Fix the trainer at θ0 and, for a small parameter change δ, define

q̃δ(v) =
1

Z(δ)
q(v)

pθ0+δ(v)

pθ0(v)
, Z(δ) =

∑
u

q(u)
pθ0+δ(u)

pθ0(u)
.

Then q̃0 = q, and differentiating the log at δ = 0 gives ∇δ log q̃δ(v)
∣∣
0
= g(v)− Eq[g] = h(v), where

the subtracted mean comes from differentiating Z. So h is the score of this family, and Eq[Ah] is
on-policy REINFORCE on it. Because q̃δ ∝ softmax(zθ0+δ + zq − zθ0), where zq is the sampler’s
logits, this family is the same function as the straight-through (STE) construction, and under the
fixed-error model it equals qθ0+δ exactly.

A.7 The B term at the level of the objective

At one prefix, for a candidate policy π, write r = π/q on the tokens with q > 0. The surrogate that
IS ascends is Eπ[A

q], and the one that SFC ascends is Eq[A
q log r].

When the support is covered (q > 0 wherever π > 0), Eπ[A
q] = Eq[rA

q]. Because Eq[A
q] = 0,

Eq[rA
q]− Eq[A

q log r] = Eq

[
Aq (r − 1− log r)

]
= Eq

[
Aq ϕ(r)

]
, ϕ(r) = r − 1− log r ≥ 0,

and Eq[ϕ(r)] = Eq[r]− 1−Eq[log r] = DKL(q∥π). Because ϕ ≥ 0 and |Aq| ≤ Amax, the difference is
at most AmaxDKL(q∥π) in absolute value.

When the support is not covered. Let π put mass ν on the tokens with q = 0. Then
Eq[r] = 1− ν and Eπ[A

q] = Eq[rA
q]+

∑
v: q(v)=0 π(v)A

q(v). The first part minus the SFC surrogate
is still Eq[A

qϕ(r)], but now Eq[ϕ(r)] = DKL(q∥π)− ν; the second part is at most Amaxν in absolute
value. Adding the two, the difference is again at most AmaxDKL(q∥π) in absolute value. §6 shows
when this bound is second order, with an example at the boundary of the support where it is not.

A.8 The B term at the level of the gradient

For a fixed prefix and signal, with Bmax = maxv ∥Aq(v)g(v)∥ and Pinsker’s TV ≤
√
DKL/2,

∥G[q]−G[p]∥ =
∥∥∥∑

v

(
q(v)− p(v)

)
Aq(v)g(v)

∥∥∥ ≤ Bmax

∑
v

|q(v)− p(v)|

= 2BmaxTV(q, p) ≤ Bmax

√
2DKL(q∥p).

A.9 Truncated and masked weights lose the zero mean

For TIS, w̃ = min(r, r̄), r − w̃ = (r − r̄)+, and Eq[rg] = 0, so Eq[w̃g] = −Eq[(r − w̃)g] =

−
∑

v: r(v)>r̄ q(v)
(
r(v) − r̄

)
g(v), which is Eq. (32). For MIS, w̃ = r 1{rmin ≤ r ≤ rmax} and

Eq[w̃g] = −
∑

v masked p(v)g(v). Truncation does not always make A smaller than for plain REIN-
FORCE: with r̄ = 2, q = (0.25, 0.5, 0.25), p = (0.25, 0.1, 0.65), and one parameter that moves only
the logit of token 1, Eq[g] = 0 (no A for plain REINFORCE here), but Eq[w̃g] = 0.0375.
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A.10 After weighting: logits or log-probabilities

With log-probabilities, the re-centered weighted loss has expected update Eq[A(w̃g − Eq[w̃g])].
Writing it with logits replaces g with ∇θz = g +mp:

Eq

[
A(w̃∇θz − Eq[w̃∇θz])

]
= Eq

[
A(w̃g − Eq[w̃g])

]
+mp

(
Eq[Aw̃]− Āq Eq[w̃]

)
,

where the last factor in parentheses is Covq(A, w̃). With exact weights the second term equals
Ep[A

q]mp (Example 2: §5.4). Without weights (w̃ = 1) it is zero, so plain SFC can use logits.

A.11 The conditional mean of the GRPO signal

The signal of the i-th response depends on the rewards of the whole group, Ai = A(Ri, R−i),
where R−i are the rewards of the other responses. With the group mean only, A(Ri, R−i) =

Ri− 1
n

(
Ri+

∑
j ̸=iRj

)
; with the standard deviation, this is further divided by the group’s population

standard deviation (dividing by n), and the signal is zero when all rewards in the group are equal.

Given that the i-th response sampled token v at prefix s, the other responses are independent
rollouts of the same prompt, so

E[Ai | s, v] = E
[
E
[
A(Ri, R−i)

∣∣Ri, s, v
] ∣∣∣ s, v] = Eq

[
χ(Ri)

∣∣ s, v], χ(Ri) = ER−i

[
A(Ri, R−i)

]
.

The multiplier depends only on (s, v) and on the independent alternative tokens, so in the expected
update Ai can be replaced by Eq[χ(R) | s, v], and E[χ(R)] = 0 (§4.2).

• Subtracting only the group mean: Ri−R̄ = (1− 1
n)(Ri−R̄−i), so χ(R) = (1− 1

n)(R−V q(s0)).
• Rewards in {0, 1}: χ takes only the two values χ(0) and χ(1), so χ(R) = χ(0) + ζR with
ζ = χ(1) − χ(0) > 0, and E[χ(R)] = 0 gives χ(R) = ζ(R − V q(s0)). For n = 2, 4, 8,
ζ = 1.00, 1.62, 1.86 at V q(s0) = 0.5, and 1.00, 1.66, 2.11 at V q(s0) = 0.2 or 0.8.

• Rewards with three or more values: χ is in general not linear. With n = 2 and rewards inde-
pendent and uniform on {0, 1, 10}, dividing by the standard deviation givesAi = sign(Ri−Rj),
so

(
χ(0), χ(1), χ(10)

)
= (−2/3, 0, 2/3), whileR−E[R] at these values is (−11/3, −8/3, 19/3).

A.12 The length-weighted baseline: a few identities

The identity for a shared baseline (Eq. (39)). For every i, E[RiSi] = ∇θJ . The sum
∑

i Si =

∇θ log
∏

i pθ(yi | x) is the score of the whole group, so by the score identity E[b̄
∑

i Si] = ∇θE[b̄].
Subtracting gives the identity.

The length-weighted mean is the ordinary mean plus a covariance term. Since
1
n

∑
i LiRi = L̄R̄ + CovG(L,R), where CovG(L,R) =

1
n

∑
i(Li − L̄)(Ri − R̄), dividing by L̄ gives

bLW = R̄+CovG(L,R)/L̄. Substituting into Eq. (39) gives Eq. (40).

The covariance under 0/1 rewards (§8.3). E[L] = ϱLc + (1 − ϱ)Lw and E[LR] = ϱLc, so
Cov(L,R) = ϱLc − ϱE[L] = ϱ(1− ϱ)(Lc − Lw); dividing by E[L] gives the formula there.
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The length-weighted mean is the least-squares constant over tokens. LetRit be the reward
of the t-th token of the i-th response. Minimizing

∑
i,t(Rit − b)2 over b gives b =

∑
i,tRit/

∑
i Li;

when the reward is not assigned per token, Rit = Ri, and this is bLW.

The net push left in the leave-one-out version. Ri − bLW−i = (Ri − bLW)/(1 − ωi), and
subtracting

∑
i Li(Ri− bLW) = 0 gives

∑
i Li(Ri− bLW−i ) =

∑
i LiA

LW
i

ωi
1−ωi

, where ALW
i = Ri− bLW;

§5.6 gives its size.

A.13 The expected update need not be the gradient of a fixed objective

If the expected update G(θ) were the gradient of a fixed scalar function Φ(θ), the Jacobian of
G would be the Hessian of Φ and so symmetric. Take groups of two responses, three possible
responses with rewards R = (0, 1, 2) and lengths L = (1, 2, 4), and pθ = softmax(θ1, θ2, 0). With
DAPO-style normalization, ci = (Ri − R̄)/(Li +Lj) with R̄ = (Ri +Rj)/2, the expected update is
G(θ) = E

[∑
i ciSi

]
. At θ = 0, ∂G1/∂θ2 − ∂G2/∂θ1 = −1/135 ̸= 0, so there is no Φ with G = ∇θΦ.

We computed this value exactly with rational arithmetic and checked it with finite differences.

A.14 The variance cost VK

As in §9.4, X̂ = X0 − Ae, and (i) E[e] = 0; (ii) e is independent of the main token and its
signal; (iii) Cov(e) = Σg/K. Then E[X̂] = E[X0] − E[A]E[e] = E[X0]. In trCov(X0 − Ae) =

trCov(X0) + trCov(Ae) − 2E[(X0 − EX0)
⊤Ae], the cross term equals E[(X0 − EX0)A]

⊤E[e] = 0

by (ii) and (i), and as E[Ae] = 0, trCov(Ae) = E[A2∥e∥2] = E[A2]E∥e∥2 = E[A2] tr Σg/K. So
trCov(X̂) = trCov(X0) + VK .

A.15 The covariance between leave-one-out updates in the same group

On-policy, take a group of n independent responses with Xi = (Ri − b−i)Si, b−i =
1

n−1

∑
k ̸=iRk,

and m = ∇θJ = E[RiSi]. For i ̸= j, expand (Ri− b−i)(Rj − b−j) = RiRj −Ri b−j − b−iRj + b−i b−j

and multiply by SiS⊤
j . A part in which Sj appears without Rj (or Si without Ri) has zero mean,

because the responses are independent and E[Sj ] = 0. This removes the second term (b−j does not
contain Rj) and the third, and leaves only RjRi/(n− 1)2 of the fourth, so

E
[
XiX

⊤
j

]
=

(
1 +

1

(n− 1)2

)
mm⊤, Cov(Xi, Xj) =

mm⊤

(n− 1)2
,

and summing over the pairs gives the variance of the group average in §9.1.

A.16 A numerical check of the sequence-level ratio

Step 1 chooses route X or Y: q1 = (0.9, 0.1) and p1 = (0.5, 0.5). Step 2 chooses one of two
tokens on each route, with q2(· | X) = (0.7, 0.3), q2(· | Y ) = (0.4, 0.6), p2(· | X) = (0.5, 0.5),
and p2(· | Y ) = (0.6, 0.4). The rewards are R(X, ·) = (1.0, 0.2) and R(Y, ·) = (0.3, 0.9), and the
parameters are the log-odds θ1 of route X and θX2 , θY2 of the first token on each route.
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The true gradient is ∂J/∂θ1 = 0.015 and ∂J/∂θ2 = (0.100,−0.072). On the sampler’s data, the
whole-response ratio p(y)/q(y) gives all three exactly; the ratio of each token’s own step gives
0.025 for θ1 (error from the continuation, C2) and (0.180,−0.014) for θ2 (error from the prefix
distribution, C1: route X is 90% of the data but half under p).

A.17 The first-order effect of drift on entropy

When the parameters are the logits, H = −
∑

u p(u) log p(u) has derivative ∂H/∂z(v) =

−p(v)
(
log p(v) + H

)
. Multiplying by the change δz = λĀq(q − p) that A makes to the logits,

summing over v, and using H = −Ep[log p] gives ∆H ≈ λĀq Covp
(
log p, p− q

)
. With two tokens,

any functions X and Y have Covp(X,Y ) = p1(1 − p1)(X1 − X2)(Y1 − Y2), and Y = p − q has
Y1 − Y2 = 2(p1 − q1), which gives the formula of Appendix B.3.

A.18 Stability of the feedback-loop model

Substituting θ(t) = vt+δ(t) into the model of Appendix B.2 gives the constant speed v = λΨ/(1+Γ),
with Γ = λτĀqF ̸= −1, and the deviation equation δ̇(t) = −k

(
δ(t) − δ(t − τ)

)
with k = λĀqF .

Trying δ = eςt (ς may be complex) gives ς = −k(1 − e−ςτ ). The root ς = 0 only shifts θ by a
constant; the other roots decide stability:

• k > 0 (Āq > 0): in ς+k = ke−ςτ with Re ς ≥ 0 and ς ̸= 0, the left side has modulus |ς+k| > k

and the right side at most k. So no root is unstable, and the speed converges to v.
• k < 0 (Āq < 0): for ς ̸= 0 the equation becomes 1 = |k|

∫ τ
0 e

−ςu du, whose right side has
modulus at most |k|τ = |Γ| when Re ς ≥ 0. So for |Γ| < 1 the speed converges to v, faster
than without A. For |Γ| > 1, the function |k|(1 − e−ςτ ) − ς of real ς is zero at ς = 0, has
derivative |Γ| − 1 > 0 there, and tends to −∞ as ς → ∞, so it has a positive root ς∗, and the
deviation grows like eς∗t. For |Γ| = 1 there is no constant-speed solution, ς = 0 is a double
root, and θ grows like t2.

B Optional reading: which training mechanisms may amplify term
A

These four models [model] show what can happen, not rules that every training run obeys.

B.1 Adding up along the response

Assumptions. The reward is determined by the choices at a few “branch points”, and once the
outcome is settled, later tokens no longer affect the return; mq(st) −mp(st) is approximately the
same vector u at every position. Formula. The useful signal appears only at the branch points
(Aq ≈ 0 elsewhere), while A appears on every token after the first branch point: over one response
it is about u

∑
t Āq(st), summed over these tokens. What follows. The total useful signal does
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not grow with length, while the total A grows roughly linearly with the number of tokens after the
branch point, because its direction is similar on all of these tokens.

B.2 A feedback loop under staleness

Assumptions. The sampler is the trainer from τ steps ago; mq − mp ≈ −F (θp − θq), where
F = Covp(∇θz) is the Fisher matrix (a first-order expansion); Āq and F stay fixed; and we look
at one direction, so F is a scalar. λ is the learning rate and Ψ (a scalar) is the useful part of
the update. Formula. The faster the trainer moves, the larger mq −mp becomes, and A in turn
changes the speed of the trainer:

θ̇(t) = λ
[
Ψ− ĀqF

(
θ(t)− θ(t− τ)

)]
, constant-speed solution θ̇ =

λΨ

1 + Γ
, Γ = λτĀqF.

What follows (Appendix A.18). For Γ > 0 (that is, Āq > 0) the loop is stable and the speed
drops to 1/(1 + Γ) of its original value; for −1 < Γ < 0 it is stable and the speed increases; for
Γ = −1 the speed grows linearly; for Γ < −1 the deviation grows exponentially. SFC makes Γ = 0,
and a smaller learning rate, lag, or |Āq| (a better baseline) makes |Γ| smaller (KL penalty: §10.5).

B.3 Coupling with entropy

Assumptions. The parameters are the logits, or close to them, so one step of A in logit space
is λĀq(q − p). Formula. This step changes the trainer’s entropy by ∆H = λĀq Covp(log p, p −
q) + O(λ2) (Appendix A.17). What follows. The sign is set by Āq and this covariance together.
With two tokens, p = (p1, 1 − p1) and q = (q1, 1 − q1), the covariance Covp(log p, p − q) =

2p1(1−p1)(p1− q1) log p1
1−p1

is positive when p1 > 1/2 and p1 > q1; then Āq < 0 lowers the entropy,
and Āq > 0 raises it.

B.4 The within-group coefficient can have the bad sign

Assumptions. We use a token-level loss, and within one group mq(s) −mp(s) is approximately
the same vector u at every position. Formula. The A of this group is about u

∑
i LiAi =

u · nCovG(L,R) (Eq. (26)); averaged over tokens, the coefficient is Ātok = CovG(L,R)/L̄. What
follows. With a length limit or a length penalty, long responses often get low reward, so
CovG(L,R) < 0 and Ātok < 0: this is the sign for which the feedback loop above can diverge.

C Implementation variants, and where other work fits in the um-
brella formula

The implementations differ in how much of q is logged with each token; going down the table, the
remaining A gets roughly smaller (an empirical ordering, not a guarantee):
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What is logged Method Remaining A

Nothing Plain REINFORCE Āq(mq −mp)

q on the top-k head Official SFC code (default
k = 128) [2]; verl (§C.1)

Āq q(H̄)
(
Eq(·|H̄)[∇θz]− Ep(·|H̄)[∇θz]

)
, from

the tail only
K alternative tokens The loss in §5.1 Zero in expectation; variance VK
The full distribution Exact centering Zero

C.1 Logged head, modeled tail

Marek and Ryabinin [1, 2] log the sampler’s probabilities on the top-k set H and center with the
q̂ of Eq. (30), which in terms of the tail ratio ρ is Eq. (7) in their Appendix A.1:

q̂(v) =

{
q(v), v ∈ H,

ρ p(v), v ∈ H̄,
ρ =

q(H̄)

p(H̄)
=

1−
∑

v∈H q(v)

1−
∑

v∈H p(v)
.

Centering with q̂ leaves the residual A of the table [identity]: Āq times the quantity of Eq. (31) (g
and ∇θz differ by mp, the same in both conditional expectations), a fixed bias that depends on the
baseline. With k = 128 the head covers more than 99.9% of the sampler’s probability on average,
except for a 30B model with INT8 weights and activations and an INT4 KV cache (average 99.45%,
worst batch 95.8%; their Appendix A.4). Sampling the tail is unbiased but adds variance (§9.4).

Unweighted. Since
∑

v p(v)g(v) = 0 gives
∑

v∈H̄ ρ p(v)g(v) = −ρ
∑

v∈H p(v)g(v), the tail part of
the mean score can be computed from the head:

Eq̂[g] =
∑
v∈H

(
q(v)− ρ p(v)

)
g(v), L = − sg(A)

[
log p(a)−

∑
v∈H

sg
(
q(v)− ρ p(v)

)
log p(v)

]
.

These are their Eqs. (8) and (6); backpropagation uses only the sampled token and the head.

Weighted. For a weighting rule w̃ = w(r) (for TIS, w(r) = min(r, r̄)), the modeled tail has
p/q̂ = 1/ρ, so its weight is w(1/ρ). With ψ = ρw(1/ρ),

Eq̂[w̃g] =
∑
v∈H

(
q(v)w̃(v)− ψ p(v)

)
g(v),

L = − sg(A)
[
sg

(
w̃(a)

)
log p(a)−

∑
v∈H

sg
(
q(v)w̃(v)− ψ p(v)

)
log p(v)

]
.

These are their Eqs. (10) and (12) (Appendices A.2–A.3; their α = ρf(1/ρ) is our ψ) and the loss
in the official README, with w(r) = min(r, 2) for TIS and w(r) = r 1{0.5 ≤ r ≤ 5} for MIS [2];
the QingKe article [5] (§1.5) also derives them and describes the verl implementation.

The main token a gets w̃(a) = w
(
p(a)/q(a)

)
from its true logged q(a), even in the tail (the

official code keeps its log-probability for this); the unlogged tail tokens in the centering term
use w

(
p(v)/q̂(v)

)
= w(1/ρ). The four rules give: unweighted, ψ = ρ; exact IS, ψ = 1; TIS,

ψ = min(1, r̄ρ); MIS, ψ = 1{rmin ≤ 1/ρ ≤ rmax}. With exact IS and ρ > 0 the subtracted term is
zero; this fails if the sampler itself truncates to H (ρ = 0), where the tail ratio is undefined.
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C.2 Where other work fits in the umbrella formula

Result Where in this note Source

A = distillation toward the sampler; SFC;
top-k implementation; quantization and
staleness experiments; SFC with TIS/MIS

§4.1; §5.1; §C.1; §10.1; §9.6 Marek and
Ryabinin [1, 2]

SFC plus a KL to the sampler; Pinsker
bound; coefficient decaying with age

§10.5; Appendix A.8 Zhang’s blog series [3]

A q-centered score times p/q loses its zero
mean, so use KL, not IS

Agrees with §5.4 Zhang’s second
post [3]

Sampler–learner KL (StableReinforce,
default coefficient 0.01)

§10.5 Thinking Machines’
Tinker [4]

TRPO-style bound Chapter 11: constrains B, C, not A TRPO [22]

GRPO’s group mean and standard
deviation

§4.2, §8.5, Appendix A.11 DeepSeekMath [10]

Length bias of 1/Li; difficulty bias;
constant divisor

§8.2, §8.5 Dr. GRPO [12]

Token-level loss; clip-higher §8.2; §8.6 DAPO [11]

PPO’s clipping §8.6: not baseline-invariant PPO [23]

Geometric mean of the sequence-level ratio §7.3: outside Premise P; the
gradient carries 1/Li

GSPO [13]

Leave-one-out baseline §2.2 RLOO [19, 20]

Variance-optimal constant baseline;
length-weighted baseline

§2.4; §5.6, §8.2 [17, 18]; OPO [14]

Baseline as a control variate §9.2, Chapter 13 Rush [6]

TIS; MIS §5.4 [7]; [8, 9]

The QingKe community article on five interpretations of score centering [5]

Notation: its s; its mq = Eq[s]; its B Our g; our mq −mp; our A

Drift; its baseline-invariance section The A term; §3.2

Ideal baseline (Āq = 0) Plain REINFORCE equals SFC

STE The fixed-error model (§10.1,
Appendix A.5)

The Zhihu article
cited in its §4

Local family of distributions Appendix A.6

SC+TIS/MIS; top-k formula with the
coefficient; verl implementation

Weight first, then center (§5.4);
§C.1

STE and the local family get the centering term by differentiating the normalizer of a q-anchored
distribution; drift (f̄ = 0) and the ideal baseline (Āq = 0) zero the two factors of Āq · f̄ .
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D Notation

Symbol Meaning First used

x, y, L, st prompt; response; its length; prefix before token t §1.1
q, p = pθ sampler (generated the data); trainer (being updated) §1.1
J(θ), ∇θJ expected return of the trainer; true gradient §1.2
z(s, v), ∇θz, mπ(s) logit of token v; its gradient; mean of ∇θz under π §1.2
g(s, v) trainer’s score ∇θ log p(v | s) = ∇θz −mp §1.2
Qπ, V π, Aπ action value, prefix value, true advantage under π ∈ {q, p} §1.2
Gs[µ], Gp

s [µ] expected update
∑

v µ(v)A
q(s, v)g(s, v); the same with Ap for Aq §1.2

R, b, A return; baseline; signal R− b of one sample §1.4
f , w, c multiplier wg − c; token weight; centering vector §1.4
ξ, fξ, f0 extra randomness; multiplier wξg − cξ of a draw; its mean over ξ §1.4
r, w̃, r̄ ratio p/q; truncated or masked ratio; ratio cap §1.4
µ, f̄ , Āq token weight in the update, q Eξ[wξ]; mean of the multiplier,

Eq[f0 | s]; common offset, V q(s)− E[b | s]
§1.4

n, Li, sit group size; length of response i; its prefix before token t §1
Si sum of the scores of response i, ∇θ log p(yi | x) §2.2
b−i, ωi leave-one-out mean; weight of Ri in the baseline of response i §2.2
N , N∗ number of independent groups; N at which noise equals signal §2.4
bvar scalar baseline that minimizes the variance §2.4
A, B, C, D drift; token weights; occupancy; term beyond Premise P §3.3
ĝ0 reference estimator for D (violating part replaced to satisfy P) §3.3
C1, C2, Lq(π) prefix distribution; continuation (Ap for Aq); TRPO surrogate §3.3
ε logit error of the inference engine §3.5
σ2(s, v) return variance from the continuation after token v §3.8
∆ constant added to all signals §4.1
χ(R), ζ mean of the GRPO signal given R; its slope for binary rewards §4.2
L̄, CovG, bLW group mean length; group covariance; length-weighted mean §4.4
h(s, v), K, a′k SFC score ∇θz −mq; number of alternative tokens; the tokens §5.1
H, H̄, q̂ logged head (such as the top-k); tail; approximate q of Eq. (30) §5.1
rmin, rmax ratio interval kept by MIS §5.4
Bmax, Amax, ν maxv ∥Aq(v)g(v)∥; maxv |Aq(v)|; mass of π on tokens with q = 0 §6
w̄ total mass of the truncated weights,

∑
v min(p, r̄q) = Eq[w̃] §6.3

D2 Rényi divergence of order 2 §7.2
γ, dπ, η(π) discount; prefix distribution under π; expected return of π §7
ci, ℓi coefficient of response i; its length factor §8
θ0, F(θ; θ0) current parameters; local surrogate of this update §8.1
bLW−i leave-one-out length-weighted mean §8.2
ϱ, Lc, Lw success rate; mean lengths of correct and of wrong responses §8.3
b̄ baseline shared by the whole group §8.3
Xi update from response i §9.1
ESS effective sample size N/Eq[r

2] (how concentrated the ratios are) §9.4
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Symbol Meaning First used

VK , e, Σg cost and error of estimating mq; covariance of ∇θz under q §9.4
κ size of the lag in the toy §9.6
β KL penalty coefficient §10.5
TV total variation distance §11
F , λ, τ Fisher matrix; learning rate; lag in steps §B.2
Γ, Ψ feedback-loop gain; useful part of the update §B.2
H entropy of the trainer §B.3
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